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1 Ââåäåíèå. Öåëè è çàäà÷è ïëàíèðîâàíèÿ ýêñïåðè-

ìåíòà

Öåëüþ ëþáîãî ýêñïåðèìåíòà ÿâëÿåòñÿ ïîëó÷åíèå èíôîðìàöèè. Èí-
òåðåñ ê íàóêå îá ýêñïåðèìåíòå ñâÿçàí ñ øèðîêèìè ìàñøòàáàìè ýêñïå-
ðèìåíòàëüíûõ èññëåäîâàíèé è çíà÷èòåëüíûì ýêîíîìè÷åñêèì ýôôåê-
òîì îò îïòèìàëüíîé îðãàíèçàöèè ýêñïåðèìåíòà. Ìíîãîãðàííîñòü èçó-
÷àåìûõ ÿâëåíèé, ñëîæíîñòü è âûñîêàÿ ñòîèìîñòü îáîðóäîâàíèÿ, îñò-
ðàÿ íåõâàòêà âðåìåíè � âñå ýòî âûíóæäàåò èññëåäîâàòåëÿ ïðîäóìû-
âàòü ïëàí ïðåäñòîÿùèõ ýêñïåðèìåíòîâ. Öåëüþ ïëàíèðîâàíèÿ ýêñïåðè-
ìåíòà ÿâëÿåòñÿ îðãàíèçàöèÿ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé, ïîçâî-
ëÿþùàÿ ïîëó÷èòü ìàêñèìóì èíôîðìàöèè ïðè íàèìåíüøåì êî-
ëè÷åñòâå îïûòîâ.

Ïëàíèðîâàíèå ýêñïåðèìåíòà � ýòî ñîâîêóïíîñòü ïðèåìîâ, ïîç-
âîëÿþùèõ èññëåäîâàòåëþ ðàçóìíî âûáðàòü ïëàí ýêñïåðèìåíòà, ò. å.
÷èñëî è óñëîâèÿ ïðîâåäåíèÿ îïûòîâ, íåîáõîäèìûõ äëÿ ðåøåíèÿ ïîñòàâ-
ëåííîé çàäà÷è â óñëîâèÿõ íåïîëíîãî çíàíèÿ ìåõàíèçìà èññëåäóåìîãî
ÿâëåíèÿ.

Îñíîâíûìè ÷àñòÿìè ìàòåìàòè÷åñêîé òåîðèè ýêñïåðèìåíòà ÿâëÿþò-
ñÿ:

1) ñòàòèñòè÷åñêèé àíàëèç;
2) ïîñòðîåíèå è àíàëèç ýìïèðè÷åñêèõ ìîäåëåé;
3) ïëàíèðîâàíèå ýêñïåðèìåíòà ïðè ïîèñêå îïòèìàëüíûõ óñëîâèé.
×òî íîâîãî âíåñëà ìàòåìàòè÷åñêàÿ òåîðèÿ ýêñïåðèìåíòà â ïðàêòè-

÷åñêóþ äåÿòåëüíîñòü èíæåíåðà-èññëåäîâàòåëÿ?
Âî-ïåðâûõ, èñïîëüçîâàíèå ñîâðåìåííûõ ýêñïåðèìåíòàëüíî-ñòàòèñ-

òè÷åñêèõ ìåòîäîâ ïîçâîëÿåò ñâåñòè ê ìèíèìóìó èíòóèòèâíûé, "âîëå-
âîé", ïîäõîä ê îðãàíèçàöèè (ïëàíèðîâàíèþ) ýêñïåðèìåíòà, çàìåíèòü
åãî íàó÷íî îáîñíîâàííîé ïðîãðàììîé ïðîâåäåíèÿ ýêñïåðèìåíòà, ïðè-
÷åì ñóáúåêòèâíûå îöåíêè óñòóïàþò ìåñòî äîñòàòî÷íî íàäåæíûì ñòà-
òèñòè÷åñêèì îöåíêàì ðåçóëüòàòîâ ýêñïåðèìåíòà íà âñåõ ýòàïàõ èññëå-
äîâàíèÿ.

Âî-âòîðûõ, îñíîâíàÿ öåëü áîëüøèíñòâà ýêñïåðèìåíòàëüíûõ èññëå-
äîâàíèé, ñîñòîÿùàÿ â íàõîæäåíèè îïòèìàëüíûõ óñëîâèé ïðîâåäåíèÿ
ïðîöåññà, äîñòèãàåòñÿ ñ ïîìîùüþ ìèíèìàëüíî âîçìîæíîãî ÷èñëà îïû-
òîâ ïðè ìèíèìàëüíûõ çàòðàòàõ âðåìåíè è ñðåäñòâ.

Â-òðåòüèõ, ïëàíèðîâàíèå ýêñïåðèìåíòà îáåñïå÷èâàåò ñèñòåìíûé ïîä-
õîä ê èçó÷åíèþ ñëîæíûõ ÿâëåíèé.
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Â-÷åòâåðòûõ, äàæå ïðè íåïîëíîì çíàíèè âíóòðåííèõ çàêîíîìåð-
íîñòåé èçó÷àåìîãî ÿâëåíèÿ ìîæíî ïîëó÷èòü ìàòåìàòè÷åñêóþ ìîäåëü,
îòðàæàþùóþ íàèáîëåå ñóùåñòâåííûå ôàêòîðû.

Äàííûå ìåòîäè÷åñêèå óêàçàíèÿ ñîäåðæàò ïðîãðàììó êóðñà "Ïëà-
íèðîâàíèå è îðãàíèçàöèÿ ýêñïåðèìåíòà", êðàòêèå òåîðåòè÷åñêèå ñâåäå-
íèÿ è óêàçàíèÿ íà ëèòåðàòóðó, êîíòðîëüíûå âîïðîñû ïî âñåì ðàçäåëàì,
çàäàíèÿ ê êîíòðîëüíîé ðàáîòå è óêàçàíèÿ ïî èõ âûïîëíåíèþ.

2 Ïðîãðàììà êóðñà "Ïëàíèðîâàíèå è îðãàíèçàöèÿ

ýêñïåðèìåíòà"

1. Îñíîâíûå ïîíÿòèÿ ïëàíèðîâàíèÿ ýêñïåðèìåíòà. Îäíîôàêòîð-
íûé è ìíîãîôàêòîðíûé ýêñïåðèìåíò. Àêòèâíûé è ïàññèâíûé ýêñïåðè-
ìåíò. Ïëàí ýêñïåðèìåíòà. Êðèòåðèè îïòèìàëüíîñòè ïëàíîâ ýêñïåðè-
ìåíòà.

2. Ýëåìåíòû ìíîãîìåðíîãî ðåãðåññèîííîãî àíàëèçà. Ìåòîä íàè-
ìåíüøèõ êâàäðàòîâ.

3. Ñòàòèñòè÷åñêèé àíàëèç ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè. Âîñ-
ïðîèçâîäèìîñòü ýêñïåðèìåíòà. Ðàñ÷åò äèñïåðñèè âîñïðîèçâîäèìîñòè.
Ïðîâåðêà çíà÷èìîñòè êîýôôèöèåíòîâ è àäåêâàòíîñòè ýìïèðè÷åñêîãî
óðàâíåíèÿ ðåãðåññèè.

4. Ïîëíûé ôàêòîðíûé ýêñïåðèìåíò (ÏÔÝ) 2k. Ñâîéñòâà ìàòðèöû
ïëàíèðîâàíèÿ ÏÔÝ 2k. Ðàñ÷åò êîýôôèöèåíòîâ ëèíåéíîãî óðàâíåíèÿ
è óðàâíåíèÿ ðåãðåññèè ñî âçàèìîäåéñòèÿìè ïî ðåçóëüòàòàì ÏÔÝ 2k.

5. Äðîáíûé ôàêòîðíûé ýêñïåðèìåíò. Ñîêðàùåíèå ÷èñëà îïûòîâ ñ
ïîìîùüþ äðîáíûõ ðåïëèê.

6. Ýêñïåðèìåíòàëüíûå ìåòîäû ïîèñêà îïòèìàëüíûõ óñëîâèé. Ìå-
òîä êðóòîãî âîñõîæäåíèÿ (ìåòîä Áîêñà-Óèëñîíà).

7. Ïëàíû 2-ãî ïîðÿäêà. Îðòîãîíàëüíûé öåíòðàëüíî-êîìïîçèöèîí-
íûé ïëàí.

3 Êðàòêèå òåîðåòè÷åñêèå ñâåäåíèÿ

1. Îñíîâíûå ïîíÿòèÿ ïëàíèðîâàíèÿ ýêñïåðèìåíòà. Ëèò å
ð à ò ó ð à: [1], c. 14�31, 47�68, [2], c. 4�7, [4], c. 5�21, [5], c. 34�40.

Ïîä ýêñïåðèìåíòîì ïîíèìàþò ñîâîêóïíîñòü îïûòîâ, ïðîâîäè-
ìûõ â îïðåäåëåííîì ïîðÿäêå. Îïûò � ýòî âîñïðîèçâåäåíèå èññëåäóå-
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ìîãî ÿâëåíèÿ ïðè îïðåäåëåííûõ çàäàííûõ óñëîâèÿõ.
Ïëàí ýêñïåðèìåíòà � ýòî âûáîð ÷èñëà, óñëîâèé è ïîðÿäêà ïðî-

âåäåíèÿ îïûòîâ.
Ïëàíèðîâàíèå ýêñïåðèìåíòà� âûáîð ïëàíà ýêñïåðèìåíòà, óäî-

âëåòâîðÿþùåãî çàäàííûì òðåáîâàíèÿì.
Â áîëüøèíñòâå èññëåäîâàíèé ýêñïåðèìåíòàòîð çàðàíåå ïëàíèðóåò

ïðîâåäåíèå ñåðèè îïûòîâ, îïðåäåëÿåò ìåòîäèêó è óñëîâèÿ èõ ïðîâå-
äåíèÿ. Òàêîé ýêñïåðèìåíò, ïðè êîòîðîì èññëåäîâàòåëü àêòèâíî óïðàâ-
ëÿåò óñëîâèÿìè ïðîâåäåíèÿ îïûòîâ, íàçûâàåòñÿ àêòèâíûì. Â íåêî-
òîðûõ ñëó÷àÿõ ïðîâîäÿòñÿ ýêñïåðèìåíòû, ïðè êîòîðûõ èññëåäîâàòåëü
íå ìîæåò óïðàâëÿòü óñëîâèÿìè, à èìååò âîçìîæíîñòü ëèøü íàáëþ-
äàòü çà õîäîì ïðîöåññà. Òàêîé ýêñïåðèìåíò íàçûâàåòñÿ ïàññèâíûì.
Ê ïàññèâíîìó ýêñïåðèìåíòó îòíîñèòñÿ, íàïðèìåð, ñáîð èñõîäíîãî ñòà-
òèñòè÷åñêîãî ìàòåðèàëà â ðåæèìå íîðìàëüíîé ýêñïëóàòàöèè íà ïðî-
ìûøëåííîì îáúåêòå. Îáðàáîòêà îïûòíûõ äàííûõ ïðîâîäèòñÿ ñòàòè-
ñòè÷åñêèìè ìåòîäàìè. Ìåòîäû ìàòåìàòè÷åñêîé ñòàòèñòèêè ïîçâîëÿþò
â ñëó÷àå ïàññèâíîãî ýêñïåðèìåíòà èçâëå÷ü ìàêñèìóì èíôîðìàöèè èç
èìåþùèõñÿ ýêñïåðèìåíòàëüíûõ äàííûõ � îïòèìèçèðîâàòü ïðîöåäóðó
îáðàáîòêè è àíàëèçà ðåçóëüòàòîâ ýêñïåðèìåíòà. Èñïîëüçóÿ àêòèâíûé
ýêñïåðèìåíò (ïëàíèðîâàíèå ýêñïåðèìåíòà), ìîæíî äîñòè÷ü ñóùåñòâåí-
íî áîëüøåãî � îïòèìèçèðîâàòü è ñòàäèþ ïîñòàíîâêè ýêñïåðèìåíòà.

Ðàçëè÷àþò îäíîôàêòîðíûé è ìíîãîôàêòîðíûé ýêñïåðèìåíòû.
Ïðè îäíîôàêòîðíîì ýêñïåðèìåíòå âëèÿíèå ôàêòîðîâ ïîäâåðãàåòñÿ
èññëåäîâàíèþ ïîî÷åðåäíî: ñíà÷àëà âàðüèðóåòñÿ îäèí èç íèõ, à îñòàëü-
íûå ôèêñèðóþòñÿ; ïîòîì àíàëîãè÷íûì îáðàçîì âàðüèðóåòñÿ òîëüêî
âòîðîé ôàêòîð, çàòåì òðåòèé è ò. ä. Â ýòîì ñëó÷àå äëÿ ïîëó÷åíèÿ ïîë-
íîé èíôîðìàöèè î äàííîì ÿâëåíèè íåîáõîäèìî ïðîâîäèòü îãðîìíîå
êîëè÷åñòâî îïûòîâ. Ïðè ìíîãîôàêòîðíîì ýêñïåðèìåíòå çíà÷åíèÿ
âñåõ ôàêòîðîâ èçìåíÿþò îò îïûòà ê îïûòó ïî îïðåäåëåííîé ïðîãðàì-
ìå.

Ïðè ïëàíèðîâàíèè ýêñïåðèìåíò àêòèâíûé è, êàê ïðàâèëî, ìíîãî-
ôàêòîðíûé. Ïëàíèðîâàíèå ýêñïåðèìåíòà èñïîëüçóåòñÿ ïðè èññëåäîâà-
íèè ñëîæíûõ ïðîöåññîâ, çàâèñÿùèõ îò áîëüøîãî ÷èñëà ôàêòîðîâ.

Ìàòåìàòè÷åñêîé ìîäåëüþ îáúåêòà ñëóæèò ôóíêöèÿ îòêëèêà

y = f (X1, X2, . . . , Xk) ,

êîòîðàÿ âûðàæàåò çàâèñèìîñòü âûõîäíîãî ïàðàìåòðà y îò íåçàâèñè-
ìûõ ïåðåìåííûõ X1, X2, . . . , Xk, êîòîðûå ìîæíî âàðüèðîâàòü ïðè ïî-
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ñòàíîâêå ýêñïåðèìåíòà. Íåçàâèñèìûå ïåðåìåííûå X1, X2, . . . , Xk íàçû-
âàþòñÿ ôàêòîðàìè, à âûõîäíîé ïàðàìåòð y � îòêëèêîì èëè ïàðà-
ìåòðîì îïòèìèçàöèè. Íàïðèìåð, ïðè ðàçðàáîòêå íåêîòîðîãî õèìèêî-
òåõíîëîãè÷åñêîãî ïðîöåññà èçó÷àåòñÿ âûõîä ðåàêöèè è êà÷åñòâî ïðî-
äóêòà â çàâèñèìîñòè îò òåìïåðàòóðû, äàâëåíèÿ, âðåìåíè ïðîòåêàíèÿ
ðåàêöèè, ñîîòíîøåíèÿ ðåàãåíòîâ. Ïðè êàêèõ óñëîâèÿõ äîñòèãàåòñÿ íàè-
áîëüøèé âûõîä ðåàêöèè? Çäåñü ïàðàìåòð îïòèìèçàöèè y � âûõîä ðå-
àêöèè; ôàêòîðû: X1 � òåìïåðàòóðà, X2 � äàâëåíèå, X3 � âðåìÿ ïðî-
òåêàíèÿ ðåàêöèè, X4, . . . � êîíöåíòðàöèè îñíîâíûõ ðåàãèðóþùèõ âå-
ùåñòâ.

Êàê ïðàâèëî, çàâèñèìîñòü îòêëèêà îò ðàññìàòðèâàåìûõ ôàêòîðîâ
î÷åíü ñëîæíà, òàê ÷òî àíàëèòè÷åñêîå âûðàæåíèå ôóíêöèè îòêëèêà
íåèçâåñòíî. Íàèáîëåå ÷àñòî ôóíêöèþ îòêëèêà ïðåäñòàâëÿþò â âèäå
ïîëèíîìà

y = β0 +
k∑

i=1

βiXi +
k∑

i,j=1
i<j

βijXiXj +
k∑

i=1

βiiX
2
i + . . .

Ýòî ïðåäñòàâëåíèå åñòü íå ÷òî èíîå, êàê ðàçëîæåíèå ôóíêöèè îòêëèêà
â ðÿä Òåéëîðà:

βi =
∂f

∂Xi
, βij =

∂2f

∂Xi∂Xj
, βii =

1

2
· ∂2f

∂X2
i

, . . .

Ïîñêîëüêó â ðåàëüíîì ïðîöåññå âñåãäà ñóùåñòâóþò íåóïðàâëÿåìûå
è íåêîíòðîëèðóåìûå ïàðàìåòðû, èçìåíåíèå âåëè÷èíû y íîñèò ñëó÷àé-
íûé õàðàêòåð, ïîýòîìó ïðè îáðàáîòêå ýêñïåðèìåíòàëüíûõ äàííûõ èñ-
ïîëüçóþò ìåòîäû ìàòåìàòè÷åñêîé ñòàòèñòèêè. Ïî äàííûì ýêñïåðèìåí-
òà ïîëó÷àþò âûáîðî÷íûå êîýôôèöèåíòû ðåãðåññèè b0, bi, bij, bii, . . . ,

ÿâëÿþùèåñÿ îöåíêàìè òåîðåòè÷åñêèõ êîýôôèöèåíòîâ β0, βi, βij, βii, . . .

Ýìïèðè÷åñêîå óðàâíåíèå ðåãðåññèè, ò. å. ïîëó÷åííîå íà îñíîâàíèè ýêñ-
ïåðèìåíòàëüíûõ äàííûõ, çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

y = b0 +
k∑

i=1

biXi +
k∑

i,j=1
i<j

bijXiXj +
k∑

i=1

biiX
2
i + . . . (1)

Êîýôôèöèåíò b0 íàçûâàåòñÿ îöåíêîé ñâîáîäíîãî ÷ëåíà óðàâíåíèÿ ðå-
ãðåññèè; êîýôôèöèåíòû bi � îöåíêàìè ëèíåéíûõ ýôôåêòîâ; bii � îöåí-
êàìè êâàäðàòè÷íûõ ýôôåêòîâ; bij � îöåíêàìè ýôôåêòîâ âçàèìîäåé-
ñòâèÿ. Êîýôôèöèåíòû ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè îïðåäåëÿ-
þòñÿ ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ.

6



2. Ýëåìåíòû ìíîãîìåðíîãî ðåãðåññèîííîãî àíàëèçà. Ìå-
òîä íàèìåíüøèõ êâàäðàòîâ. Ëèò å ð à ò ó ð à: [1], c. 141�149, 156�
166, [2], c. 125�128, 142�148, [3], c. 46�49, [4], c. 104�114, [5], c. 51�56,
58�62 [6], c. 35�38.

Öåëü ðåãðåññèîííîãî àíàëèçà � ïîëó÷åíèå ïî ýêñïåðèìåíòàëü-
íûì äàííûì ðåãðåññèîííîé ìîäåëè (1) îáúåêòà èññëåäîâàíèÿ.

Ïóñòü èìååòñÿ N íàáëþäåíèé íàä îòêëèêîì y è ôàêòîðàìè X1,

X2, . . . , Xk. Òðåáóåòñÿ îïðåäåëèòü êîýôôèöèåíòû ýìïèðè÷åñêîãî
óðàâíåíèÿ ðåãðåññèè

ŷ = b0 + b1X1 + b2X2 + . . . + bkXk. (2)

Ìàòðèöà çíà÷åíèé íåçàâèñèìûõ ïåðåìåííûõ

X =


X01 X11 X21 . . . Xk1

X02 X12 X22 . . . Xk2

. . . . . . . . . . . . . . .

X0N X1N X2N . . . XkN


íàçûâàåòñÿ â ïëàíèðîâàíèè ýêñïåðèìåíòà ìàòðèöåé ïëàíà èëè ìàò-
ðèöåé ïëàíèðîâàíèÿ. Îíà ñîäåðæèò íàáëþäàåìûå çíà÷åíèÿ íåçà-
âèñèìûõ ôàêòîðîâ Xji, ãäå èíäåêñ j óêàçûâàåò íîìåð ôàêòîðà, i �
íîìåð îïûòà. Ýëåìåíòû ïåðâîãî ñòîëáöà X0i ≡ 1, ôèêòèâíûé ôàêòîð
X0 ñîîòâåòñòâóåò ñâîáîäíîìó ÷ëåíó óðàâíåíèÿ ðåãðåññèè (2) è ââåäåí
äëÿ îäíîîáðàçèÿ îáîçíà÷åíèé. Ñòîëáåö íàáëþäåíèé Y ñîäåðæèò íà-
áëþäàåìûå çíà÷åíèÿ îòêëèêà, ñèìâîëîì B îáîçíà÷èì âåêòîð èñêîìûõ
ïàðàìåòðîâ:

Y =


y1

y2...
yN

 , B =


b0

b1...
bk

 .

Ñóùíîñòü ìåòîäà íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) çàêëþ÷à-
åòñÿ â òîì, ÷òîáû ïî ðåçóëüòàòàì ýêñïåðèìåíòà X è Y íàéòè òàêèå
çíà÷åíèÿ ïàðàìåòðîâ b0, b1, . . . , bk, ïðè êîòîðûõ äîñòèãàåòñÿ íàèìåíü-
øåå çíà÷åíèå ñóììû êâàäðàòîâ îòêëîíåíèé íàáëþäàåìûõ çíà÷åíèé îò-
êëèêà îò ïðåäñêàçûâàåìûõ ïî óðàâíåíèþ ðåãðåññèè (2):

S =
N∑

i=1

(yi − ŷi)
2 =

N∑
i=1

(yi − (b0 + b1X1i + . . . + bkXki))
2 → min

b0,b1,...,bk
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Íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ
ÿâëÿåòñÿ ðàâåíñòâî íóëþ ÷àñòíûõ ïðîèçâîäíûõ:

∂S

∂b0
= 0,

∂S

∂b1
= 0, . . . ,

∂S

∂bk
= 0.

Çíà÷åíèÿ ïàðàìåòðîâ b0, b1, . . . , bk íàõîäÿò èç ñèñòåìû

b0

N∑
i=1

X2
0i + b1

N∑
i=1

X0iX1i + . . . + bk

N∑
i=1

X0iXki =
N∑

i=1
X0iyi,

b0

N∑
i=1

X0iX1i + b1

N∑
i=1

X2
1i + . . . + bk

N∑
i=1

X1iXki =
N∑

i=1
X1iyi,

. . .

b0

N∑
i=1

X0iXki + b1

N∑
i=1

X1iXki + . . . + bk

N∑
i=1

X2
ki =

N∑
i=1

Xkiyi,

(3)

êîòîðàÿ íàçûâàåòñÿ ñèñòåìîé íîðìàëüíûõ óðàâíåíèé ìåòîäà íàè-
ìåíüøèõ êâàäðàòîâ. Â ìàòðè÷íîì âèäå ñèñòåìà (3) çàïèøåòñÿ êàê
XTXB = XTY, îòêóäà B =

(
XTX

)−1
XTY. Ìàòðèöà XTX íàçûâàåò-

ñÿ èíôîðìàöèîííîé ìàòðèöåé ïëàíà è èãðàåò ôóíäàìåíòàëüíóþ
ðîëü â ïëàíèðîâàíèè ýêñïåðèìåíòà, ò. ê. îíà íå çàâèñèò îò çíà÷åíèé y,

íî îò åå ñâîéñòâ ñóùåñòâåííî çàâèñÿò îöåíêè êîýôôèöèåíòîâ bj è èõ
ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè. Âûáèðàÿ ñïåöèàëüíûì îáðàçîì ïëàí
ýêñïåðèìåíòà X, ìîæíî ïîëó÷èòü õîðîøèå ñòàòèñòè÷åñêèå îöåíêè êî-
ýôôèöèåíòîâ ðåãðåññèè íåçàâèñèìî îò íàáëþäàåìûõ çíà÷åíèé y.

3. Ñòàòèñòè÷åñêèé àíàëèç ýìïèðè÷åñêîãî óðàâíåíèÿ ðå-
ãðåññèè. Âîñïðîèçâîäèìîñòü ýêñïåðèìåíòà. Ðàñ÷åò äèñïåð-
ñèè âîñïðîèçâîäèìîñòè. Ïðîâåðêà çíà÷èìîñòè êîýôôèöè-
åíòîâ è àäåêâàòíîñòè ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè.
Ëèò å ð à ò ó ð à: [1], c. 122�133, 149�155, 167�184, [2], c. 37�40, 50�54,
131�134, 172�173, [3], c. 11�14, 56�63, [4], c. 114�116, 121�127, 177-178,
[5], c. 20�22, 63�70, [6], c. 42�46.

Îäíèì èç óñëîâèé ïðèìåíèìîñòè ðåãðåññèîííîãî àíàëèçà ÿâëÿåòñÿ
âîñïðîèçâîäèìîñòü ýêñïåðèìåíòà, ò. å. îäíîðîäíîñòü ñëó÷àéíûõ
îøèáîê ðåçóëüòàòîâ íàáëþäåíèé â ðàçëè÷íûõ îïûòàõ. Êîëè÷åñòâåííîé
ìåðîé îøèáîê ñëóæèò âûáîðî÷íàÿ äèñïåðñèÿ. Îöåíêè äèñïåðñèé
ïàðàìåòðà y íàõîäÿò ïî ôîðìóëå

s2{yi} =
1

m− 1

m∑
u=1

(yiu − yi)
2 , yi =

1

m

m∑
u=1

yiu,
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ãäå i � íîìåð îïûòà, m � ÷èñëî ïîâòîðåíèé i-ãî îïûòà,
yi1, yi2, . . . , yim � íàáëþäàåìûå çíà÷åíèÿ îòêëèêà â i-ì îïûòå,
yi � ñðåäíåå çíà÷åíèå îòêëèêà â i-ì îïûòå. ×èñëî ñòåïåíåé ñâîáîäû
fi = m− 1.

Äëÿ ïðîâåðêè âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà â ñëó÷àå ðàâíîìåð-
íîãî äóáëèðîâàíèÿ îïûòîâ (ò. å. êîãäà âñå îïûòû ïîâòîðÿþòñÿ îäèíà-
êîâîå ÷èñëî ðàç) èñïîëüçóåòñÿ êðèòåðèé Êîõðåíà, êîòîðûé îñíîâàí íà
îòíîøåíèè ìàêñèìàëüíîé äèñïåðñèè ê ñóììå âñåõ ñðàâíèâàåìûõ äèñ-
ïåðñèé:

Gíàáë =
s2
max{yi}

N∑
i=1

s2{yi}
,

ãäå N � ÷èñëî ðàçëè÷íûõ îïûòîâ. Åñëè âû÷èñëåííîå ïî äàííûì ýêñïå-
ðèìåíòà çíà÷åíèå êðèòåðèÿ Gíàáë îêàæåòñÿ ìåíüøå êðèòè÷åñêîãî çíà-
÷åíèÿ Gòàáë = Gα;ν1;ν2

, íàéäåííîãî ïî òàáëèöå (cì. ïðèëîæåíèå) äëÿ
ν1 = m− 1 è ν2 = N è âûáðàííîãî óðîâíÿ çíà÷èìîñòè α, òî ãèïîòåçà
î âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà ïðèíèìàåòñÿ.

Â ñëó÷àå íåðàâíîìåðíîãî äóáëèðîâàíèÿ îïûòîâ âîñïðîèçâîäèìîñòü
ýêñïåðèìåíòà ïðîâåðÿþò ïî êðèòåðèþ Áàðòëåòòà.

Äëÿ ïðîâåðêè âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà èñïîëüçóþò òàêæå
êðèòåðèé Ôèøåðà, ïðåäíàçíà÷åííûé äëÿ ñðàâíåíèÿ äâóõ äèñïåðñèé. Â
ýòîì ñëó÷àå ïðîâåðÿåòñÿ îäíîðîäíîñòü ìàêñèìàëüíîé è ìèíèìàëüíîé
èç äèñïåðñèé s2{yi}: åñëè

Fíàáë =
s2
max{yi}

s2
min{yi}

< Fòàáë = Fα;f1;f2
,

ãäå f1 è f2 � ÷èñëî ñòåïåíåé ñâîáîäû äèñïåðñèé s2
max{yi} è s2

min{yi}
ñîîòâåòñòâåííî, Fòàáë îïðåäåëÿåòñÿ ïî òàáëèöå (ñì. ïðèëîæåíèå) äëÿ
çàäàííîãî óðîâíÿ çíà÷èìîñòè α è ñîîòâåòñòâóþùèõ ñòåïåíåé ñâîáîäû
f1 è f2, òî âñå äèñïåðñèè s2{yi} ñ÷èòàþòñÿ îäíîðîäíûìè.

Åñëè ïðîâåðêà âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà äàëà îòðèöàòåëü-
íûé ðåçóëüòàò, òî, âîîáùå ãîâîðÿ, èñïîëüçîâàíèå ðåãðåññèîííîãî àíà-
ëèçà íåöåëåñîîáðàçíî. Â ýòîì ñëó÷àå ìîæíî ïîïûòàòüñÿ óâåëè÷èòü
÷èñëî m ïîâòîðåíèé îïûòîâ äëÿ äîñòèæåíèÿ áîëüøåé òî÷íîñòè ýêñïå-
ðèìåíòà èëè ïîñòàâèòü íîâûé ýêñïåðèìåíò ñ óìåíüøåííûìè èíòåðâà-
ëàìè âàðüèðîâàíèÿ ôàêòîðîâ.

Äèñïåðñèÿ âîñïðîèçâîäèìîñòè ÿâëÿåòñÿ êîëè÷åñòâåííîé îöåíêîé
îøèáîê ýêñïåðèìåíòà â öåëîì. Ïðè ðàâíîìåðíîì äóáëèðîâàíèè îïû-
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òîâ îíà âû÷èñëÿåòñÿ êàê ñðåäíåå äèñïåðñèé îòäåëüíûõ îïûòîâ:

s2{y} =
1

N

N∑
i=1

s2{yi}

ñ ÷èñëîì ñòåïåíåé ñâîáîäû fâîñïð = N(m− 1).
Îöåíêà çíà÷èìîñòè êîýôôèöèåíòîâ ðåãðåññèè ïîçâîëÿåò âû-

ÿâèòü íåçíà÷èìûå êîýôôèöèåíòû ðåãðåññèîííîãî óðàâíåíèÿ, ò. å. òå,
êîòîðûå ìîæíî ïðèðàâíÿòü ê íóëþ â ìàòåìàòè÷åñêîé ìîäåëè. Êîýô-
ôèöèåíò ðåãðåññèè îêàçûâàåòñÿ íåçíà÷èìûì â òîì ñëó÷àå, åñëè ñîîò-
âåòñòâóþùèé åìó ôàêòîð îêàçûâàåò ïðåíåáðåæèìî ìàëîå âëèÿíèå íà
èçìåíåíèå îòêëèêà. Ïðîâåðêó çíà÷èìîñòè êîýôôèöèåíòîâ ðåãðåññèè
ïðîèçâîäÿò ñ ïîìîùüþ êðèòåðèÿ Ñòüþäåíòà. Äëÿ ýòîãî âû÷èñëÿþò

tj,íàáë =
|bj|
sbj

.

Äèñïåðñèÿ êîýôôèöèåíòà bj îïðåäåëÿåòñÿ ïî ôîðìóëå s2
bj

= Cjjs
2{y},

ãäå Cjj � ñîîòâåòñòâóþùèé äèàãîíàëüíûé ýëåìåíò ìàòðèöû
(
XTX

)−1
.

Âû÷èñëåííîå çíà÷åíèå tj,íàáë ñðàâíèâàþò ñ òàáëè÷íûì çíà÷åíèåì tòàáë =
= tα;fâîñïð (ñì. òàáëèöó â ïðèëîæåíèè) ïðè çàäàííîì óðîâíå çíà÷èìî-
ñòè α è ÷èñëå ñòåïåíåé ñâîáîäû fâîñïð = N(m− 1). Åñëè tj,íàáë > tòàáë,

ñ÷èòàþò, ÷òî êîýôôèöèåíò bj çíà÷èì, ò. å. j-é ôàêòîð îêàçûâàåò ñó-
ùåñòâåííîå âëèÿíèå íà îòêëèê.

Ñòàòèñòè÷åñêàÿ íåçíà÷èìîñòü îöåíêè bj êîýôôèöèåíòà ðåãðåññèè
ìîæåò áûòü îáóñëîâëåíà ñëåäóþùèìè ïðè÷èíàìè: à) äàííûé j-é ôàê-
òîð íå îêàçûâàåò âëèÿíèÿ íà îòêëèê è ìîæåò áûòü èñêëþ÷åí èç ïðî-
ãðàììû èññëåäîâàíèÿ; á) âëèÿíèå j-ãî ôàêòîðà â õîäå äàííîãî ýêñ-
ïåðèìåíòà íå ïðîÿâèëîñü íà ôîíå ñëó÷àéíûõ ïîìåõ (íàïðèìåð, èç-çà
òîãî, ÷òî áûë âûáðàí ñëèøêîì ìàëûé èíòåðâàë âàðüèðîâàíèÿ äàííîãî
ôàêòîðà); â) çíà÷åíèå äàííîãî ôàêòîðà â öåíòðå ïëàíà ñîîòâåòñòâóåò
îïòèìàëüíîìó. Åñëè åñòü îñíîâàíèÿ ïîëàãàòü, ÷òî äàííûé j-é ôàêòîð â
äåéñòâèòåëüíîñòè îêàçûâàåò âëèÿíèå íà îòêëèê, òî ñëåäóåò ïîñòàâèòü
íîâûé ýêñïåðèìåíò, óâåëè÷èâ èíòåðâàë âàðüèðîâàíèÿ j-ãî ôàêòîðà.

Íåçíà÷èìûå êîýôôèöèåíòû ìîãóò áûòü èñêëþ÷åíû èç óðàâíåíèÿ
ðåãðåññèè. Îäíàêî â îáùåì ñëó÷àå êîýôôèöèåíòû ðåãðåññèè çàâèñÿò
îò íàáëþäàåìûõ çíà÷åíèé âñåõ ôàêòîðîâ, ïîýòîìó èñêëþ÷åíèå íåêî-
òîðûõ ôàêòîðîâ èç ìàòåìàòè÷åñêîé ìîäåëè ïðèâîäèò ê ïåðåñ÷åòó âñåõ
êîýôôèöèåíòîâ bj. Ñâîéñòâîì íåçàâèñèìîñòè îöåíîê êîýôôèöèåíòîâ
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äðóã îò äðóãà îáëàäàþò ýêñïåðèìåíòû ñ îðòîãîíàëüíîé ìàòðèöåé ïëà-
íà X, íàïðèìåð, ïîëíûé è äðîáíûé ôàêòîðíûé ýêñïåðèìåíò.

Ïðîâåðêà àäåêâàòíîñòè ìîäåëè äàåò âîçìîæíîñòü îòâåòèòü íà
âîïðîñ, ñîîòâåòñòâóåò ëè ïîëó÷åííàÿ ìîäåëü ýêñïåðèìåíòàëüíûì äàí-
íûì. Äëÿ ýòîãî íóæíî îöåíèòü îòêëîíåíèå ïðåäñêàçàííîé ïî ïîëó÷åí-
íîìó óðàâíåíèþ ðåãðåññèè âåëè÷èíû îòêëèêà ŷi îò ðåçóëüòàòîâ íàáëþ-
äåíèé yi â îäíèõ è òåõ æå óñëîâèÿõ. Ðàññåÿíèå ðåçóëüòàòîâ íàáëþäå-
íèé âáëèçè óðàâíåíèÿ ðåãðåññèè ìîæíî îõàðàêòåðèçîâàòü ñ ïîìîùüþ
äèñïåðñèè àäåêâàòíîñòè

s2
àä =

m

N − d

N∑
i=1

(ŷi − yi)
2 ,

ãäå d � ÷èñëî ÷ëåíîâ óðàâíåíèÿ ðåãðåññèè, m � ÷èñëî ïîâòîðåíèé
êàæäîãî îïûòà â ñëó÷àå ðàâíîìåðíîãî äóáëèðîâàíèÿ. ×èñëî ñòåïåíåé
ñâîáîäû äèñïåðñèè àäåêâàòíîñòè fàä = N − d. Ïðîâåðêà àäåêâàòíîñòè
ìîäåëè âîçìîæíà òîëüêî ïðè óñëîâèè N > d. Ïðîâåðêà ãèïîòåçû îá
àäåêâàòíîñòè óðàâíåíèÿ ðåãðåññèè ñîñòîèò â ïðîâåðêå îäíîðîäíîñòè
äèñïåðñèè àäåêâàòíîñòè è äèñïåðñèè âîñïðîèçâîäèìîñòè è ïðîèçâî-
äèòñÿ ïî êðèòåðèþ Ôèøåðà. Åñëè

Fíàáë =
s2
àä

s2{y}
< Fòàáë = Fα;fàä;fâîñïð,

ãäå Fòàáë íàõîäèòñÿ ïî òàáëèöå (ñì. ïðèëîæåíèå) äëÿ çàäàííîãî óðîâ-
íÿ çíà÷èìîñòè α è ñîîòâåòñòâóþùèõ ñòåïåíåé ñâîáîäû fàä è fâîñïð, òî
ãèïîòåçó îá àäåêâàòíîñòè íå îòâåðãàþò.

Åñëè ãèïîòåçà îá àäåêâàòíîñòè ìîäåëè îòêëîíÿåòñÿ, ïðèíèìàþò îä-
íî èç ñëåäóþùèõ ðåøåíèé: 1) ïåðåõîä ê áîëåå ñëîæíîé ìîäåëè (íà-
ïðèìåð, îò ëèíåéíîé ìîäåëè ê ìîäåëè ñ êâàäðàòè÷íûìè ýôôåêòàìè);
2) óìåíüøåíèå èíòåðâàëîâ âàðüèðîâàíèÿ ôàêòîðîâ ∆Xi.

4. Ïîëíûé ôàêòîðíûé ýêñïåðèìåíò. Ëèò å ð à ò óð à: [1],
c. 69�92, [2], c. 159�166, [3], c. 49�56, [4], c. 141�147, [5], c. 79�92, [6],
c. 38�46.

Äëÿ íàõîæäåíèÿ îöåíîê êîýôôèöèåíòîâ ëèíåéíîãî óðàâíåíèÿ ðå-
ãðåññèè (2) êàæäûé èç ôàêòîðîâ äîëæåí âàðüèðîâàòüñÿ ïî êðàéíåé ìå-
ðå íà äâóõ óðîâíÿõ. Ýêñïåðèìåíò, â êîòîðîì ðåàëèçóþòñÿ âñå âîçìîæ-
íûå êîìáèíàöèè k ôàêòîðîâ íà äâóõ óðîâíÿõ, íàçûâàåòñÿ ïîëíûì
ôàêòîðíûì ýêñïåðèìåíòîì (ÏÔÝ) 2k. ×èñëî ðàçëè÷íûõ îïûòîâ â
ÏÔÝ N = 2k.
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Äëÿ óïðîùåíèÿ ïëàíèðîâàíèÿ è ðàñ÷åòîâ ïðîâîäÿò ïðåîáðàçîâà-
íèå íåçàâèñèìûõ ôàêòîðîâ Xi â áåçðàçìåðíûå, êîäèðîâàííûå xi ïî
ôîðìóëå

xi =
Xi −X0

i

∆Xi
,

ãäå X0
i � îñíîâíîé (áàçîâûé) óðîâåíü, ∆Xi � øàã âàðüèðîâàíèÿ ôàê-

òîðà Xi. Åñëè â ýêñïåðèìåíòå ôàêòîð Xi ïðèíèìàåò òîëüêî äâà çíà÷å-
íèÿ Xmax

i è Xmin
i , òî

X0
i =

Xmax
i + Xmin

i

2
, ∆Xi =

Xmax
i −Xmin

i

2
.

Â êîäèðîâàííûõ ïåðåìåííûõ âåðõíåìó Xmax
i è íèæíåìó Xmin

i óðîâíÿì
ôàêòîðà ñîîòâåòñòâóþò çíà÷åíèÿ xi = +1 è xi = −1.

Ìàòðèöà ïëàíà äëÿ ÏÔÝ 23 â êîäèðîâàííûõ ïåðåìåííûõ èìååò âèä

X =



+1 −1 −1 −1
+1 +1 −1 −1
+1 −1 +1 −1
+1 +1 +1 −1
+1 −1 −1 +1
+1 +1 −1 +1
+1 −1 +1 +1
+1 +1 +1 +1


Ñâîéñòâî îðòîãîíàëüíîñòè ìàòðèöû ïëàíà ÏÔÝ ïîçâîëÿåò âû÷èñ-

ëèòü êîýôôèöèåíòû ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè ïî î÷åíü ïðî-
ñòîé ôîðìóëå

bj =
1

N

N∑
i=1

xjiyi. (4)

Îöåíêè ýôôåêòîâ âçàèìîäåéñòâèÿ bjt îïðåäåëÿþòñÿ àíàëîãè÷íî îöåí-
êàì ëèíåéíûõ ýôôåêòîâ ïî ôîðìóëå

bjt =
1

N

N∑
i=1

xjixtiyi.

ÏÔÝ îáëàäàåò âàæíûì ñâîéñòâîì íåçàâèñèìîñòè îöåíîê êîýôôè-
öèåíòîâ óðàâíåíèÿ ðåãðåññèè. Èñêëþ÷åíèå íåçíà÷èìûõ êîýôôèöèåí-
òîâ èç ìîäåëè íå âëå÷åò ïåðåñ÷åòà îñòàâøèõñÿ êîýôôèöèåíòîâ.
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5. Äðîáíûé ôàêòîðíûé ýêñïåðèìåíò (ÄÔÝ). Ëèò å ð à ò ó-
ð à: [1], c. 93�112, [2], c. 166�173, [3], c. 70�74, [4], c. 147�161, [5], c. 92�99,
[6], c. 46�49.

Äðîáíûì ôàêòîðíûì íàçûâàåòñÿ ýêñïåðèìåíò, ðåàëèçóþùèé
÷àñòü (äðîáíóþ ðåïëèêó) ïîëíîãî ôàêòîðíîãî ýêñïåðèìåíòà. ÄÔÝ ïðè-
ìåíÿåòñÿ ñ öåëüþ ñîêðàùåíèÿ ÷èñëà îïûòîâ ïðè ðåøåíèè ñëåäóþùèõ
çàäà÷: à) ëîêàëüíîå îïèñàíèå çàâèñèìîñòè îòêëèêà îò ôàêòîðîâ ëèíåé-
íûì óðàâíåíèåì; á) îïèñàíèå ïðîöåññîâ, â êîòîðûõ çàâåäîìî íå ìîãóò
èìåòü ìåñòî õîòÿ áû íåêîòîðûå âçàèìîäåéñòâèÿ ôàêòîðîâ.

Íàïðèìåð, â ñëó÷àå òðåõ ôàêòîðîâ äëÿ ïîëó÷åíèÿ ëèíåéíîãî óðàâ-
íåíèÿ

ŷ = b0 + b1x1 + b2x2 + b3x3

â ïðèíöèïå äîñòàòî÷íî ÷åòûðåõ îïû-
òîâ. Ðàññìîòðèì ÏÔÝ 22 äëÿ ôàêòîðîâ
x1 è x2, à ôàêòîð x3 áóäåì èçìåíÿòü
â ñîîòâåòñòâèè ñ ýëåìåíòàìè ñòîëáöà
x1x2, ò. å. x3 = x1x2. Ïîëó÷åííàÿ ìàò-

x0 x1 x2 x3 = x1x2

Îïûò 1 + � � +
Îïûò 2 + + � �
Îïûò 3 + � + �
Îïûò 4 + + + +

ðèöà ïëàíà ïðåäñòàâëÿåò ñîáîé ïîëîâèíó ìàòðèöû ïëàíà ÏÔÝ 23. Ñî-
îòâåòñòâóþùèé ïëàí íàçûâàåòñÿ ïîëóðåïëèêîé îò ÏÔÝ 23 è îáîçíà-
÷àåòñÿ ÄÔÝ 23−1, ãäå 3 � ÷èñëî ôàêòîðîâ, 1 � ÷èñëî ëèíåéíûõ ýô-
ôåêòîâ, ïðèðàâíåííûõ ê ýôôåêòàì âçàèìîäåéñòâèÿ. Ìàòðèöà ïëàíà
òàêîãî ýêñïåðèìåíòà ñîõðàíÿåò âñå ñâîéñòâà ìàòðèöû ïëàíà ÏÔÝ 2k,
ïîýòîìó êîýôôèöèåíòû óðàâíåíèÿ ðåãðåññèè âû÷èñëÿþòñÿ íåçàâèñè-
ìî äðóã îò äðóãà ïî ôîðìóëàì (4).

Ñîîòíîøåíèå x3 = x1x2 íàçûâàåòñÿ ãåíåðèðóþùèì ñîîòíîøåíèåì
(ÃÑ) ïëàíà ÄÔÝ 23−1. Ãåíåðèðóþùèì íàçûâàåòñÿ ñîîòíîøåíèå, ïðè-
âÿçûâàþùåå äîïîëíèòåëüíûé ôàêòîð (â äàííîì ñëó÷àå � x3) ê îïðåäå-
ëåííîìó âçàèìîäåéñòâèþ îñíîâíûõ ôàêòîðîâ. ÃÑ ñëóæèò äëÿ ïîñòðî-
åíèÿ ÄÔÝ. Óìíîæèâ ÃÑ x3 = x1x2 íà x3, ïîëó÷èì x2

3 = x1x2x3, ò. å.
1 = x1x2x3 � îïðåäåëÿþùèé êîíòðàñò � ñîîòíîøåíèå, çàäàþùåå
ýëåìåíòû ïåðâîãî ñòîëáöà ìàòðèöû ïëàíà. Îáîáùåííûé îïðåäåëÿ-
þùèé êîíòðàñò � ýòî ñîâîêóïíîñòü âñåõ îïðåäåëÿþùèõ êîíòðàñòîâ
äàííîãî ÄÔÝ.

Â ÄÔÝ 23−1 ñ ÃÑ x3 = x1x2 ôàêòîð x3 âàðüèðóåòñÿ îäèíàêîâî ñ ïàð-
íûì âçàèìîäåéñòâèåì x1x2, ïîýòîìó íåëüçÿ îòäåëèòü âëèÿíèå ôàêòîðà
x3 îò âëèÿíèÿ âçàèìîäåéñòâèÿ x1x2, ãîâîðÿò, ÷òî êîýôôèöèåíò b3 äàåò
ñîâìåñòíóþ, èëè ñìåøàííóþ, îöåíêó äâóõ èñòèííûõ êîýôôèöèåíòîâ
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ðåãðåññèè β3 è β12 : b3 → β3 + β12. Ïîñëåäîâàòåëüíî ïåðåìíîæèâ íåçà-
âèñèìûå ôàêòîðû íà îïðåäåëÿþùèé êîíòðàñò, ïîëó÷èì ñîîòíîøåíèÿ

1 = x1x2x3, x1 = x2x3, x2 = x1x3, x3 = x1x2,

îïðåäåëÿþùèå ñèñòåìó ñîâìåñòíûõ îöåíîê äàííîãî ýêñïåðèìåíòà.
6. Ýêñïåðèìåíòàëüíûå ìåòîäû ïîèñêà îïòèìàëüíûõ óñ-

ëîâèé. Ìåòîä êðóòîãî âîñõîæäåíèÿ (ìåòîä Áîêñà-Óèëñîíà).
Ëèò å ð à ò ó ð à: [1], c. 207�230, [2], c. 174�177, [3], c. 63�66, [4], c. 241�
245, 256�258, 264�267, [5], c. 150, 156�163, [6], c. 76�78, 83�87.

Îäíèì èç âàæíåéøèõ ïðàêòè÷åñêèõ ïðèëîæåíèé òåîðèè ýêñïåðè-
ìåíòà ÿâëÿåòñÿ âîçìîæíîñòü ïðÿìîãî ïîëó÷åíèÿ ñî÷åòàíèÿ ôàêòîðîâ,
îáåñïå÷èâàþùèõ îïòèìàëüíîå çíà÷åíèå ôóíêöèè îòêëèêà.

Ìåòîä êðóòîãî âîñõîæäåíèÿ îñíîâàí íà ñâîéñòâå ãðàäèåíòà ôóíê-
öèè íåñêîëüêèõ ïåðåìåííûõ: ãðàäèåíò � ýòî âåêòîð, íàïðàâëåííûé â
ñòîðîíó íàèñêîðåéøåãî âîçðàñòàíèÿ ôóíêöèè. Êîìïîíåíòû ãðàäèåíòà
ðàâíû ÷àñòíûì ïðîèçâîäíûì ôóíêöèè îòêëèêà:

−−−→grady =

{
∂f

∂X1
; . . . ;

∂f

∂Xk

}
.

Ìåòîä Áîêñà-Óèëñîíà äëÿ îöåíêè êîìïîíåíò ãðàäèåíòà ôóíêöèè îò-
êëèêà èñïîëüçóåò ÏÔÝ èëè ÄÔÝ. Äëÿ îñóùåñòâëåíèÿ äâèæåíèÿ ïî
ãðàäèåíòó çíà÷åíèÿ ôàêòîðîâ íåîáõîäèìî èçìåíÿòü ïðîïîðöèîíàëüíî
âåëè÷èíàì bj∆Xj � ïðîèçâåäåíèþ êîýôôèöèåíòîâ ëèíåéíîãî óðàâíå-
íèÿ ðåãðåññèè, ïîëó÷åííîãî ïî ðåçóëüòàòàì ÏÔÝ (ÄÔÝ), íà èíòåðâàë
âàðüèðîâàíèÿ ñîîòâåòñòâóþùåãî ôàêòîðà. Äâèæåíèå â íàïðàâëåíèè
ãðàäèåíòà îñóùåñòâëÿåòñÿ äî äîñòèæåíèÿ ÷àñòíîãî ýêñòðåìóìà ôóíê-
öèè îòêëèêà â íàïðàâëåíèè ãðàäèåíòà. Çàòåì â îêðåñòíîñòè ïîëó÷åí-
íîé òî÷êè âíîâü ïðîâîäèòñÿ ÏÔÝ (ÄÔÝ) äëÿ îöåíêè êîìïîíåíò ãðà-
äèåíòà è âûáîðà íàïðàâëåíèÿ äàëüíåéøåãî äâèæåíèÿ ê ýêñòðåìóìó.

7. Îðòîãîíàëüíûå öåíòðàëüíî-êîìïîçèöèîííûå ïëàíû 2-
ãî ïîðÿäêà. Ëèò å ð à ò ó ð à: [1], c. 262�264, [2], c. 177�188, [3], c. 99�
104, 107-110, [4], c. 184�195, [6], c. 99�107.

Ïëàíû 2-ãî ïîðÿäêà � ïëàíû, ïðåäíàçíà÷åííûå äëÿ ïîëó÷åíèÿ
óðàâíåíèÿ ðåãðåññèè â âèäå ïîëèíîìà 2-ãî ïîðÿäêà � ïðèìåíÿþòñÿ
â ñëó÷àå, åñëè ïðè ïðîâåðêå àäåêâàòíîñòè ëèíåéíîé ìîäåëè ïîëó÷åí
íåãàòèâíûé ðåçóëüòàò. Ýòî îçíà÷àåò, ÷òî ðàññìàòðèâàåìîå ÿâëåíèå íå
ìîæåò áûòü ñ óäîâëåòâîðèòåëüíîé òî÷íîñòüþ îïèñàíî ïîëèíîìîì 1-ãî
ïîðÿäêà. Óðàâíåíèå ðåãðåññèè 2-ãî ïîðÿäêà èìååò âèä
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y = b0 +
k∑

i=1

biXi +
k∑

i,j=1

bijXiXj +
k∑

i=1

biiX
2
i .

Äëÿ îöåíêè âñåõ êîýôôèöèåíòîâ òàêîé ìîäåëè íåîáõîäèìî èìåòü ïëàí,
â êîòîðîì êàæäûé ôàêòîð âàðüèðîâàëñÿ áû íå ìåíåå ÷åì íà òðåõ óðîâ-
íÿõ. Ïðè áîëüøîì ÷èñëå ôàêòîðîâ íåîáõîäèìîå ÷èñëî îïûòîâ ñòàíî-
âèòñÿ î÷åíü áîëüøèì. Äëÿ óìåíüøåíèÿ ÷èñëà îïûòîâ èñïîëüçóåòñÿ
èäåÿ êîìïîçèöèîííîãî ïëàíèðîâàíèÿ. Êîìïîçèöèîííûé ïëàí 2-ãî ïî-
ðÿäêà ïîëó÷àåòñÿ ïóòåì äîáàâëåíèÿ äîïîëíèòåëüíûõ îïûòîâ ê ïëàíó
1-ãî ïîðÿäêà (ò. å. ê ïëàíó, ïðåäíàçíà÷åííîìó äëÿ ïîñòðîåíèÿ ëèíåé-
íîé ðåãðåññèîííîé ìîäåëè).

4 Êîíòðîëüíûå âîïðîñû

1. ×òî òàêîå îïûò, ýêñïåðèìåíò?
2. ×òî òàêîå ïëàí ýêñïåðèìåíòà?
3. Â ÷åì ðàçëè÷èå àêòèâíîãî è ïàññèâíîãî ýêñïåðèìåíòà?
4. Â ÷åì ðàçëè÷èå îäíîôàêòîðíîãî è ìíîãîôàêòîðíîãî ýêñïåðè-

ìåíòà?
5. Â ÷åì ñóòü ìåòîäà íàèìåíüøèõ êâàäðàòîâ?
6. Âûâåñòè ñèñòåìó íîðìàëüíûõ óðàâíåíèé äëÿ îïðåäåëå-

íèÿ ïî ÌÍÊ êîýôôèöèåíòîâ ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè
y = b0 + b1X1 + b2X2.

7. Çàïèñàòü ñèñòåìó íîðìàëüíûõ óðàâíåíèé äëÿ îïðåäåëå-
íèÿ ïî ÌÍÊ êîýôôèöèåíòîâ ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè
y = b0 + b1X1 + b2X2 + b3X3.

8. Çàïèñàòü ñèñòåìó íîðìàëüíûõ óðàâíåíèé äëÿ îïðåäåëå-
íèÿ ïî ÌÍÊ êîýôôèöèåíòîâ ýìïèðè÷åñêîãî óðàâíåíèÿ ðåãðåññèè
y = b0 + b1X1 + b2X2 + b12X1X2.

9. ×òî òàêîå èíôîðìàöèîííàÿ ìàòðèöà?
10. ×òî òàêîå âîñïðîèçâîäèìîñòü ýêñïåðèìåíòà è êàê îíà ïðîâåðÿ-

åòñÿ?
11. Ïðè êàêèõ óñëîâèÿõ òðåáîâàíèÿ âîñïðîèçâîäèìîñòè ýêñïåðè-

ìåíòà íå ñîáëþäàþòñÿ è êàê ñëåäóåò ïîñòóïàòü â ýòîì ñëó÷àå?
12. Â êàêèõ ñëó÷àÿõ äëÿ ïðîâåðêè âîñïðîèçâîäèìîñòè ýêñïåðèìåí-

òà èñïîëüçóåòñÿ êðèòåðèé Êîõðåíà?
13. Êàê ïðèìåíÿåòñÿ êðèòåðèé Ôèøåðà äëÿ ïðîâåðêè âîñïðîèçâî-

äèìîñòè ýêñïåðèìåíòà?
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14. Êàê ðàññ÷èòàòü äèñïåðñèþ âîñïðîèçâîäèìîñòè: à) ïî îòäåëüíîé
ñåðèè îïûòîâ, ðåçóëüòàòû êîòîðûõ íå èñïîëüçóþòñÿ äëÿ ïîëó÷åíèÿ
ðåãðåññèîííîé ìîäåëè; á) ïðè ðàâíîìåðíîì äóáëèðîâàíèè îïûòîâ?

15. ×òî òàêîå çíà÷èìîñòü êîýôôèöèåíòîâ ðåãðåññèè è êàê îíà ïðî-
âåðÿåòñÿ?

16. Ïðè êàêèõ óñëîâèÿõ îöåíêè êîýôôèöèåíòîâ ðåãðåññèè íåçíà-
÷èìû è êàê ýòè óñëîâèÿ óñòðàíèòü?

17. ×òî òàêîå àäåêâàòíîñòü ìîäåëè è êàê îíà ïðîâåðÿåòñÿ?
18. Ïðè êàêèõ óñëîâèÿõ ìàòåìàòè÷åñêàÿ ìîäåëü ÿâëÿåòñÿ íåàäå-

êâàòíîé è êàê ïîñòóïèòü â ýòîì ñëó÷àå?
19. ×òî íàçûâàåòñÿ ïîëíûì ôàêòîðíûì ýêñïåðèìåíòîì (ÏÔÝ)?
20. Êàê âûáèðàþòñÿ îñíîâíûå (áàçîâûå) óðîâíè è èíòåðâàëû âà-

ðüèðîâàíèÿ ôàêòîðîâ, èçìåíÿåìûõ â ýêñïåðèìåíòå íà äâóõ óðîâíÿõ?
Çàïèøèòå ôîðìóëû ïåðåõîäà îò íàòóðàëüíûõ çíà÷åíèé ôàêòîðîâ ê
êîäèðîâàííûì.

21. Êàê ñîñòàâëÿåòñÿ ìàòðèöà ïëàíèðîâàíèÿ ÏÔÝ 2k? Êàêèìè
ñâîéñòâàìè îíà îáëàäàåò?

22. Çàïèøèòå ôîðìóëû äëÿ ðàñ÷åòà êîýôôèöèåíòîâ ýìïèðè÷åñêî-
ãî óðàâíåíèÿ ðåãðåññèè ïî ðåçóëüòàòàì ÏÔÝ 2k.

23. Âûâåäèòå ôîðìóëû äëÿ ðàñ÷åòà êîýôôèöèåíòîâ ýìïèðè÷åñêîãî
óðàâíåíèÿ ðåãðåññèè ïî ðåçóëüòàòàì ÏÔÝ 22.

24. ×òî íàçûâàåòñÿ äðîáíûì ôàêòîðíûì ýêñïåðèìåíòîì? Êàêèå
ïðèíöèïû ëåæàò â îñíîâå ïîñòðîåíèÿ ÄÔÝ?

25. ×òî òàêîå ãåíåðèðóþùåå ñîîòíîøåíèå? ×òî òàêîå îïðåäåëÿþ-
ùèé êîíòðàñò è îáîáùåííûé îïðåäåëÿþùèé êîíòðàñò?

26. Êàê íàéòè ñèñòåìó ñîâìåñòíûõ îöåíîê êîýôôèöèåíòîâ â ÄÔÝ?
27. ×åì îòëè÷àåòñÿ ÄÔÝ îò ÏÔÝ?
28. Â êàêèõ ñëó÷àÿõ âîçìîæíî èñïîëüçîâàíèå ÄÔÝ?
29. Êàêèìè ñâîéñòâàìè îáëàäàåò ÄÔÝ?
30. Ñîñòàâüòå ïëàí íàèáîëåå ýêîíîìíîãî ÄÔÝ ïðè äàííîì ñïèñêå

ñóùåñòâåííûõ ïåðåìåííûõ; çàïèøèòå ìàòðèöó ïëàíèðîâàíèÿ; âûïè-
øèòå ñèñòåìó ñìåøèâàíèÿ îöåíîê: à) x0, x1, x2, x3, x4, x1x2, x2x3, x2x4;
á) x0, x1, x2, x3, x4, x1x2, x2x3, x3x4; â) x0, x1, x2, x3, x4, x5, x1x2; ã) x0, x1,

x2, x3, x4, x5, x1x2, x2x3; ä) x0, x1, x2, x3, x4, x5, x1x2, x4x5.

31. Êàê ôîðìóëèðóåòñÿ çàäà÷à ïîèñêà îïòèìàëüíûõ óñëîâèé?
32. Â ÷åì çàêëþ÷àåòñÿ èäåÿ è ïðîöåäóðà ìåòîäà êðóòîãî âîñõî-

æäåíèÿ?
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33. Êàê âûáèðàåòñÿ íàïðàâëåíèå äâèæåíèÿ â ìåòîäå êðóòîãî âîñ-
õîæäåíèÿ?

34. ×òî ñëóæèò êðèòåðèåì äîñòèæåíèÿ ýêñòðåìóìà â ìåòîäå êðó-
òîãî âîñõîæäåíèÿ?

35. ×òî òàêîå ïëàí 2-ãî ïîðÿäêà?
36. Â ÷åì çàêëþ÷àåòñÿ ñâîéñòâî êîìïîçèöèîííîñòè ïëàíà?
37. Êîãäà è äëÿ ÷åãî èñïîëüçóåòñÿ öåíòðàëüíî-êîìïîçèöèîííûé

ïëàí?
38. Â ÷åì îòëè÷èå öåíòðàëüíî-êîìïîçèöèîííîãî ïëàíà îò ÏÔÝ è

ÄÔÝ?
39. Êàêèå ïðèíöèïû ëåæàò â îñíîâå ïîñòðîåíèÿ îðòîãîíàëüíîãî

öåíòðàëüíî-êîìïîçèöèîííîãî ïëàíà?
40. Êàê äîñòèãàåòñÿ îðòîãîíàëüíîñòü ìàòðèöû ïëàíèðîâàíèÿ â îð-

òîãîíàëüíîì öåíòðàëüíî-êîìïîçèöèîííîì ïëàíå?
41. Êàêèå ïðåèìóùåñòâà äàþò èññëåäîâàòåëþ ñâîéñòâà îðòîãîíàëü-

íîãî öåíòðàëüíî-êîìïîçèöèîííîãî ïëàíà?
42. Êàê ïåðåâîäèòñÿ óðàâíåíèå äëÿ íîðìèðîâàííûõ âåëè÷èí â

óðàâíåíèå äëÿ ðåàëüíûõ ôèçè÷åñêèõ âåëè÷èí?
43. Êàê îöåíèòü êîîðäèíàòû ýêñòðåìóìà ñ ïîìîùüþ ïîëó÷åííîãî

óðàâíåíèÿ ðåãðåññèè 2-ãî ïîðÿäêà?
44. ×òî òàêîå ðîòàòàáåëüíûé öåíòðàëüíî-êîìïîçèöèîííûé ïëàí?

5 Çàäàíèÿ ê êîíòðîëüíîé ðàáîòå

Êîíòðîëüíàÿ ðàáîòà ñîñòîèò èç òåîðåòè÷åñêîé è ðàñ÷åòíîé ÷àñòåé.
Â êîíöå ðàáîòû ñëåäóåò óêàçàòü èñïîëüçîâàííóþ ëèòåðàòóðó. Íîìåð
âàðèàíòà ñîâïàäàåò ñ ïîñëåäíåé öèôðîé ó÷åáíîãî øèôðà (íîìåðà çà-
÷åòíîé êíèæêè) ñòóäåíòà. Åñëè íîìåð çà÷åòíîé êíèæêè îêàí÷èâàåòñÿ
öèôðîé 0, ñòóäåíò âûïîëíÿåò âàðèàíò 10.

Òåîðåòè÷åñêàÿ ÷àñòü

Âàðèàíò 1. Âîïðîñû 1, 11, 25. Âàðèàíò 2. Âîïðîñû 2, 18, 20.
Âàðèàíò 3. Âîïðîñû 3, 16, 32. Âàðèàíò 4. Âîïðîñû 4, 15, 21.
Âàðèàíò 5. Âîïðîñû 5, 10, 24. Âàðèàíò 6. Âîïðîñû 7, 12, 26.
Âàðèàíò 7. Âîïðîñû 8, 18, 28. Âàðèàíò 8. Âîïðîñû 6, 10, 29.
Âàðèàíò 9. Âîïðîñû 3, 13, 22. Âàðèàíò 10. Âîïðîñû 14, 18, 27.
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Ðàñ÷åòíûå çàäàíèÿ

Çàäàíèå 1. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè çàâèñèìîñòè ñëó-
÷àéíîé âåëè÷èíû y îò òðåõ ôàêòîðîâ ïî ðåçóëüòàòàì ÏÔÝ 23.

Òðåáóåòñÿ:
1. Ïðîâåðèòü ãèïîòåçó î âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà ïî êðè-

òåðèþ Êîõðåíà, ðàññ÷èòàòü äèñïåðñèþ âîñïðîèçâîäèìîñòè.
2. Âû÷èñëèòü êîýôôèöèåíòû ìîäåëè ñ ïàðíû-

ìè âçàèìîäåéñòâèÿìè.
Ç àì å ÷ à í è å. Ìàòðèöà ïëàíèðîâàíèÿ ÏÔÝ

23 â êîäèðîâàííûõ ïåðåìåííûõ èìååò ñòàíäàðò-
íûé âèä (ñì. òàáëèöó). Çíàê � îçíà÷àåò, ÷òî â
äàííîì îïûòå ñîîòâåòñòâóþùèé ôàêòîð ôèêñè-
ðóåòñÿ íà íèæíåì óðîâíå, çíàê + îçíà÷àåò âåðõ-
íèé óðîâåíü ôàêòîðà.

x1 x2 x3

Îïûò 1 � � �
Îïûò 2 + � �
Îïûò 3 � + �
Îïûò 4 + + �
Îïûò 5 � � +
Îïûò 6 + � +
Îïûò 7 � + +
Îïûò 8 + + +

3. Ïðîâåñòè ñòàòèñòè÷åñêèé àíàëèç ìàòåìàòè÷åñêîé ìîäåëè: ïðî-
âåðèòü êîýôôèöèåíòû óðàâíåíèÿ ðåãðåññèè íà çíà÷èìîñòü, à ïîëó-
÷åííóþ ïîñëå èñêëþ÷åíèÿ íåçíà÷èìûõ êîýôôèöèåíòîâ ìîäåëü íà àäå-
êâàòíîñòü. Äàòü èíòåðïðåòàöèþ ïîëó÷åííîãî óðàâíåíèÿ ðåãðåññèè.

4. Çàïèñàòü ôîðìóëû, ñâÿçûâàþùèå êîäèðîâàííûå è íàòóðàëüíûå
çíà÷åíèÿ ôàêòîðîâ. Ñ ïîìîùüþ ýòèõ ôîðìóë ïîëó÷èòü óðàâíåíèå ðå-
ãðåññèè â íàòóðàëüíûõ ïåðåìåííûõ, âûïîëíèòü ïðîãíîçèðîâàíèå äëÿ
âåëè÷èíû y ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ôàêòîðîâ X1 = X∗

1 , X2 =
X∗

2 , X3 = X∗
3 .

Óðîâåíü çíà÷èìîñòè ïðèíÿòü α = 0.05.

Âàðèàíò 1. Èññëåäîâàëàñü çàâèñèìîñòü âíóòðåííåãî íàïðÿæåíèÿ
ãàëüâàíè÷åñêîãî ïîêðûòèÿ (y, óñë. åä.) îò êîíöåíòðàöèè ñàõàðèíà (X1,

ã/ë), ïëîòíîñòè òîêà (X2, À/äì3), òåìïåðàòóðû ðàñòâîðà (X3,
◦C).

X1 X2 X3

Ìàññèâ îñíîâíûõ
óðîâíåé, X0

i 0.7 55 45
Øàã âàðüèðî-
âàíèÿ, ∆Xi 0.3 25 15

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 0.8 60 50

y1 y2 y3

1 3.8 3.9 3.63
2 2.7 2.65 2.78
3 -0.4 -0.43 -0.37
4 -0.9 -1.0 -0.85
5 2.2 2.4 2.2
6 0.8 0.7 0.75
7 2.7 2.5 2.8
8 0.52 0.51 0.55
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Âàðèàíò 2. Óñòàíîâëåíî, ÷òî âàæíåéøèìè ôàêòîðàìè ãèäðîëèçà
äðåâåñíîé ìàññû, âëèÿþùèìè íà ïðåäåë ïðî÷íîñòè ïðè èçãèáå y, ÌÏà,
ÿâëÿþòñÿ: òåìïåðàòóðà (X1,

◦C), âðåìÿ (X2, ìèí), êèñëîòíîñòü (X3, pH).

X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 80 60 4.85
Íèæíèé óðîâåíü,

Xmin
i 30 0 4.45

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 10 30 4.45

y1 y2 y3 y4

1 41.5 40.5 41 39
2 44 43.5 43.5 44
3 53.5 53 52 52
4 50 49 49 51
5 31 34 34.5 33
6 37 39 36.5 36.5
7 43 46.5 46.5 45
8 52.5 53.5 53.5 53

Âàðèàíò 3. Èññëåäîâàëàñü çàâèñèìîñòü ïðî÷íîñòè àëþìèíèåâîãî
ñïëàâà y, Ïà·105, îò ïðîöåíòíîãî ñîäåðæàíèÿ ëèòèÿ â ñïëàâå (X1, %),
òåìïåðàòóðû (X2,

◦C) è âðåìåíè ñòàðåíèÿ (X3).

X1 X2 X3

Ìàññèâ îñíîâíûõ
óðîâíåé, X0

i 1.0 175 4.0
Øàã âàðüèðî-
âàíèÿ, ∆Xi 0.5 25 2.0

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 0.8 200 6.0

y1 y2 y3

1 26.9 26.8 27
2 23.9 23.2 23.5
3 29.0 29.7 29.5
4 29.4 29.2 28.8
5 28.5 27.8 28
6 25.8 26.4 25.6
7 29.6 30 29.9
8 30 30.9 30.3

Âàðèàíò 4. Óñòàíîâëåíî, ÷òî âàæíåéøèìè ôàêòîðàìè ãèäðîëèçà
äðåâåñíîé ìàññû, âëèÿþùèìè íà ïðåäåë ïðî÷íîñòè ïðè èçãèáå y, ÌÏà,
ÿâëÿþòñÿ: òåìïåðàòóðà (X1,

◦C), âðåìÿ (X2, ìèí), êèñëîòíîñòü (X3, pH).

X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 60 80 5.2
Íèæíèé óðîâåíü,

Xmin
i 20 30 4.5

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 60 45 4.85

y1 y2 y3

1 41.5 41 39
2 44 43.5 44
3 53.5 52 52
4 50 49 51
5 34 34.5 33
6 37 39 36.5
7 43 46.5 45
8 52.5 53.5 53.5

Âàðèàíò 5. Èññëåäîâàëàñü çàâèñèìîñòü ïðî÷íîñòè àëþìèíèåâîãî
ñïëàâà y, Ïà·105, îò ïðîöåíòíîãî ñîäåðæàíèÿ ëèòèÿ â ñïëàâå (X1, %),
òåìïåðàòóðû (X2,

◦C) è âðåìåíè ñòàðåíèÿ (X3).
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X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 1.5 145 6.0
Íèæíèé óðîâåíü,

Xmin
i 1.1 115 2.0

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 1.0 150 5.0

y1 y2 y3 y4

1 27.3 26.9 26.8 27
2 23.4 23.9 23.2 23.5
3 29.8 29.0 29.7 29.5
4 28.4 29.4 29.2 28.8
5 27.7 28.5 27.8 28
6 25.8 25.8 26.4 25.6
7 30.5 29.6 30 29.9
8 30.6 30 30.9 30.3

Âàðèàíò 6. Èññëåäîâàëàñü çàâèñèìîñòü ïðî÷íîñòè áåòîíà y, ÌÏà,
îò ðàñõîäà öåìåíòà íà 1 ì3 (X1, êã/ì3), êîëè÷åñòâà äîáàâêè ñóïåð-
ïëàñòèôèêàòîðà (X2, %), êîëè÷åñòâà äîáàâêè óñêîðèòåëÿ òâåðäåíèÿ
(X3, %).

X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 350 0.2 2.0
Íèæíèé óðîâåíü,

Xmin
i 250 0.1 1.0

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 280 0.15 0.75

y1 y2 y3

1 30.05 29.95 29.8
2 25.6 26.2 26.8
3 26.6 27.2 27.8
4 22.0 22.8 22.6
5 30.0 30.4 29.8
6 26.8 27.3 27.6
7 26.0 25.8 26.1
8 23.0 23.2 22.8

Âàðèàíò 7. Èññëåäîâàëàñü çàâèñèìîñòü âíóòðåííåãî íàïðÿæåíèÿ
ãàëüâàíè÷åñêîãî ïîêðûòèÿ (y, óñë. åä.) îò êîíöåíòðàöèè ñàõàðèíà
(X1, ã/ë), ïëîòíîñòè òîêà (X2, À/äì3), òåìïåðàòóðû ðàñòâîðà (X3,

◦C).

X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 2.0 55 70
Íèæíèé óðîâåíü,

Xmin
i 0.5 15 30

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 1.5 55 50

y1 y2 y3 y4

1 3.8 3.9 3.63 3.83
2 2.7 2.65 2.78 2.69
3 -0.4 -0.43 -0.37 -0.4
4 -0.9 -1.0 -0.85 -0.88
5 2.2 2.4 2.2 2.33
6 0.8 0.7 0.75 0.75
7 2.7 2.5 2.8 2.6
8 0.52 0.51 0.55 0.54

Âàðèàíò 8. Èññëåäîâàëàñü çàâèñèìîñòü ïðî÷íîñòè áåòîíà y, ÌÏà,
îò ðàñõîäà öåìåíòà íà 1 ì3 (X1, êã/ì3), êîëè÷åñòâà äîáàâêè ñóïåð-
ïëàñòèôèêàòîðà (X2, %), êîëè÷åñòâà äîáàâêè óñêîðèòåëÿ òâåðäåíèÿ
(X3, %).
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X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 330 0.2 2.0
Íèæíèé óðîâåíü,

Xmin
i 250 0.1 0.5

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 300 0.05 0.5

y1 y2 y3 y4

1 30.2 30.05 29.95 29.8
2 25.6 25.0 26.2 26.8
3 26.6 27.2 26.0 27.8
4 22.0 22.8 22.6 22.2
5 30.6 30.0 30.4 29.8
6 26.8 26.3 27.3 27.6
7 26.0 25.8 26.5 26.1
8 23.0 23.2 22.8 23.4

Âàðèàíò 9. Óñòàíîâëåíî, ÷òî âàæíåéøèìè ôàêòîðàìè ãèäðîëèçà
äðåâåñíîé ìàññû, âëèÿþùèìè íà ïðåäåë ïðî÷íîñòè ïðè èçãèáå y, ÌÏà,
ÿâëÿþòñÿ: òåìïåðàòóðà (X1,

◦C), âðåìÿ (X2, ìèí), êèñëîòíîñòü (X3, pH).

X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 60 80 5.3
Íèæíèé óðîâåíü,

Xmin
i 20 30 4.5

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 40 25 4.5

y1 y2 y3 y4

1 39 41.5 41 39
2 46 44 43.5 44
3 53.5 53 52 52
4 50 47 49 51
5 31 32 34.5 33
6 37 38 36.5 36.5
7 43 45 46.5 45
8 52.5 55 53.5 53

Âàðèàíò 10. Èññëåäîâàëàñü çàâèñèìîñòü ïðåäåëà ïðî÷íîñòè àëþ-
ìèíèåâîãî ñïëàâà (y, êã/ìì3) îò ñîäåðæàíèÿ ïðèìåñè (X1, %), ñîäåð-
æàíèÿ ìàãíèÿ (X2, %), ñîäåðæàíèÿ æåëåçà (X3, %).

X1 X2 X3

Ìàññèâ îñíîâíûõ
óðîâíåé, X0

i 6 0.6 3.0
Øàã âàðüèðî-
âàíèÿ, ∆Xi 5 0.5 1.0

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 6 0.6 1.0

y1 y2 y3

1 4.75 4.71 4.7
2 4.93 4.9 4.88
3 5.7 5.72 5.77
4 5.62 5.63 5.63
5 5.96 5.94 5.93
6 5.77 5.73 5.77
7 6.78 6.73 6.73
8 6.63 6.64 6.67

Âàðèàíò A.Èçó÷àëîñü âëèÿíèå íà âûõîä ïðîäóêòà y, %, òðåõ ôàê-
òîðîâ: òåìïåðàòóðû X1, èçìåíÿþùåéñÿ â äèàïàçîíå 100 � 200◦C, äàâ-
ëåíèÿ X2, 2− 6 · 105 Ïà, è âðåìåíè ïðåáûâàíèÿ X3, èçìåíÿþùåãîñÿ â
îêðåñòíîñòè 15 ìèí ñ èíòåðâàëîì 5 ìèí.
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X1 X2 X3

Âåðõíèé óðîâåíü,
Xmax

i 200 6
Íèæíèé óðîâåíü,

Xmin
i 100 2

Ìàññèâ îñíîâíûõ
óðîâíåé, X0

i 15
Øàã âàðüèðî-
âàíèÿ, ∆Xi 5

Ôèêñèðîâàííûå
çíà÷åíèÿ X∗

i 120 4 18

y1 y2

1 2.5 1.5
2 6.6 5.4
3 3.7 4.3
4 9 7
5 8.5 11.5
6 17.6 18.4
7 7.3 8.7
8 13.1 10.9

Çàäàíèå 2.Ìèíèìèçàöèÿ ôóíêöèè äâóõ ïåðåìåííûõ ìåòîäîì êðó-
òîãî âîñõîæäåíèÿ.

Òðåáóåòñÿ íàéòè ìèíèìóì ôóíêöèè

y =
a

X1
+

bX1

X2
+ cX2

ïðè X1, X2 > 0, ïðîâîäÿ ýêñïåðèìåíòû ïî ìåòîäó êðóòîãî âîñõîæäå-
íèÿ. Çàäàíû çíà÷åíèÿ ïàðàìåòðîâ a, b, c è êîîðäèíàòû íà÷àëüíîãî ïðè-
áëèæåíèÿ X0

1 , X
0
2 . Èíòåðâàëû âàðüèðîâàíèÿ ôàêòîðîâ â ïåðâîé ñåðèè

îïûòîâ ïðèíÿòü ðàâíûìè∆X1 = ∆X2 = 0.1. Âû÷èñëåíèÿ ïðîèçâîäèòü
ñ òî÷íîñòüþ äî ÷åòâåðòîãî çíàêà ïîñëå çàïÿòîé.

Âàðèàíò 1. a = 14, b = 4, c = 7, X0
1 = 2, X0

2 = 1.
Âàðèàíò 2. a = 2, b = 5, c = 1.5, X0

1 = 1, X0
2 = 2.

Âàðèàíò 3. a = 4, b = 2, c = 4, X0
1 = 2, X0

2 = 1.
Âàðèàíò 4. a = 3, b = 1, c = 2.5, X0

1 = 1, X0
2 = 1.

Âàðèàíò 5. a = 16, b = 3, c = 3, X0
1 = 3, X0

2 = 2.
Âàðèàíò 6. a = 15, b = 4, c = 3.5, X0

1 = 2, X0
2 = 1.

Âàðèàíò 7. a = 16, b = 6, c = 1.6, X0
1 = 3, X0

2 = 2.
Âàðèàíò 8. a = 13, b = 5, c = 11, X0

1 = 2, X0
2 = 1.

Âàðèàíò 9. a = 6, b = 4, c = 1, X0
1 = 2, X0

2 = 3.
Âàðèàíò 10. a = 14, b = 3, c = 2, X0

1 = 3, X0
2 = 2.

Âàðèàíò A. a = 6, b = 1, c = 1, X0
1 = 3, X0

2 = 2.
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6 Ìåòîäè÷åñêèå óêàçàíèÿ ïî âûïîëíåíèþ ðàñ÷åò-

íûõ çàäàíèé (âàðèàíò À)

Çàäàíèå 1.
1. Ïðîâåðêà âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà åñòü íå ÷òî èíîå, êàê

ïðîâåðêà îäíîðîäíîñòè ñëó÷àéíûõ îøèáîê ðåçóëüòàòîâ íàáëþäåíèé â
ðàçëè÷íûõ îïûòàõ. Òàêèì îáðàçîì, çàäà÷à çàêëþ÷àåòñÿ â ïðîâåðêå îä-
íîðîäíîñòè äèñïåðñèé ïàðàìåòðà îïòèìèçàöèè (îòêëèêà) â ðàçëè÷íûõ
îïûòàõ.

Îöåíêè äèñïåðñèé íàõîäÿò ïî ôîðìóëå

s2{yi} =
1

m− 1

m∑
u=1

(yiu − yi)
2 , yi =

1

m

m∑
u=1

yiu,

ãäå i � íîìåð îïûòà, m � ÷èñëî ïîâòîðåíèé i-ãî îïûòà,
yi1, yi2, . . . , yim � íàáëþäàåìûå çíà÷åíèÿ îòêëèêà â i -ì îïûòå,
yi � ñðåäíåå çíà÷åíèå îòêëèêà â i -ì îïûòå. ×èñëî ñòåïåíåé ñâîáîäû
fi = m− 1.

Â íàøåì ñëó÷àå èìåþòñÿ ðåçóëüòàòû 8 îïûòîâ, êàæäûé èç êîòîðûõ
ïîâòîðÿåòñÿ 2 ðàçà. Îöåíêà äèñïåðñèè ïàðàìåòðà y â ïåðâîì îïûòå
ðàâíà

s2{y1} =
1

2− 1

(
(2.5− 2)2 + (1.5− 2)2

)
= 0.5, ò. ê. y1 =

2.5 + 1.5

2
= 2;

îöåíêà äèñïåðñèè âî âòîðîì îïûòå

s2{y2} =
1

2− 1

(
(6.6− 6)2 + (5.4− 6)2

)
= 0.72, y2 =

6.6 + 5.4

2
= 6

è ò. ä. Ðåçóëüòàòû âû÷èñëåíèé ñâåäåíû â òàáëèöó. ×èñëî ñòåïåíåé ñâî-
áîäû äëÿ âñåõ äèñïåðñèé îäèíàêîâî è ðàâíî fi = 1.

Äëÿ ïðîâåðêè âîñïðîèçâîäèìîñòè ýêñïåðèìåíòà èñïîëüçóåì êðèòå-
ðèé Êîõðåíà. Èìååì

Gíàáë =
4.5

0.5 + 0.72 + 0.18 + 2 + 4.5 + 0.32 + 0.98 + 2.42
=

4.5

11.62
= 0.3873,

Gòàáë = G0.05;1;8 = 0.6798.

Ïîñêîëüêó Gíàáë < Gòàáë, òî ãèïîòåçà îá îäíîðîäíîñòè äèñïåðñèé (âîñ-
ïðîèçâîäèìîñòè ýêñïåðèìåíòà) íå ïðîòèâîðå÷èò ðåçóëüòàòàì ýêñïåðè-
ìåíòà.
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X0
1 X0

2 X0
3

Îñíîâíîé

óðîâåíü

Èíòåðâàë

âàðüèðîâàíèÿ

Âåðõíèé

óðîâåíü

Íèæíèé

óðîâåíü

150

50

200

100

4

2

6

2

15

5

20

10

Êîäîâûå

îáîçíà÷åíèÿ
x0 x1 x2 x3 x1x2 x1x3 x2x3

Îïûò 1

Îïûò 2

Îïûò 3

Îïûò 4

Îïûò 5

Îïûò 6

Îïûò 7

Îïûò 8

+

+

+

+

+

+

+

+

�

+

�

+

�

+

�

+

�

�

+

+

�

�

+

+

�

�

�

�

+

+

+

+

+

�

�

+

+

�

�

+

+

�

+

�

�

+

�

+

+

+

�

�

�

�

+

+

Êîýôôèöèåíòû

ðåãðåññèè
8.5 2.5 �0.5 3.5 �0.5 0.5 �1.5

yi1 yi2 yi s2{yi} ŷi
2.5

6.6

3.7

9

8.5

17.6

7.3

13.1

1.5

5.4

4.3

7

11.5

18.4

8.7

10.9

2

6

4

8

10

18

8

12

0.5

0.72

0.18

2

4.5

0.32

0.98

2.42

1

6

4

9

11

16

8

14∑
= 11.62
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Äèñïåðñèÿ âîñïðîèçâîäèìîñòè ïðè ðàâíîìåðíîì äóáëèðîâàíèè îïû-
òîâ âû÷èñëÿåòñÿ êàê ñðåäíåå äèñïåðñèé îòäåëüíûõ îïûòîâ, îíà ðàâíà

s2{y} =
1

N

N∑
i=1

s2{yi} =
1

8
· 11.62 = 1.4525,

÷èñëî ñòåïåíåé ñâîáîäû äèñïåðñèè âîñïðîèçâîäèìîñòè fâîñïð = 8.
2. Â ñëó÷àå ÏÔÝ 23 êîýôôèöèåíòû ýìïèðè÷åñêîãî óðàâíåíèÿ ðå-

ãðåññèè â êîäèðîâàííûõ ïåðåìåííûõ
ŷ = b0 + b1x1 + b2x2 + b3x3 + b12x1x2 + b13x1x3 + b23x2x3

îïðåäåëÿþòñÿ ïî ñëåäóþùåé ïðîñòîé ôîðìóëå

bj =
1

N

N∑
i=1

xjiyi.

Òàêèì îáðàçîì,

b0 =
1

8
· (2 + 6 + 4 + 8 + 10 + 18 + 8 + 12) = 8.5,

b1 =
1

8
· (−2 + 6− 4 + 8− 10 + 18− 8 + 12) = 2.5,

b2 =
1

8
· (−2− 6 + 4 + 8− 10− 18 + 8 + 12) = −0.5,

b3 =
1

8
· (−2− 6− 4− 8 + 10 + 18 + 8 + 12) = 3.5.

Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ b12, b13, b23 ââåäåì â ìàòðèöó ïëà-
íèðîâàíèÿ äîïîëíèòåëüíûå ñòîëáöû x1x2, x1x3, x2x3. Ïîñêîëüêó êî-
äèðîâàííûå ïåðåìåííûå xi ïðèíèìàþò ëèøü çíà÷åíèÿ +1 è −1, âñå
âçàèìîäåéñòâèÿ xixj ìîãóò ïðèíèìàòü òîëüêî òàêèå æå çíà÷åíèÿ. Â
ïåðâîì îïûòå x1 = −1, x2 = −1, ïîýòîìó x1x2 = (−1) · (−1) = +1,
âî âòîðîì îïûòå x1 = +1, x2 = −1, ïîýòîìó x1x2 = (+1) · (−1) = −1
è ò. ä. Îöåíêè ýôôåêòîâ âçàèìîäåéñòâèÿ îïðåäåëÿþòñÿ àíàëîãè÷íî
îöåíêàì ëèíåéíûõ ýôôåêòîâ ïî ôîðìóëå

bjt =
1

N

N∑
i=1

xjixtiyi.

Ñëåäîâàòåëüíî,

b12 =
1

8
· (2− 6− 4 + 8 + 10− 18− 8 + 12) = −0.5,
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b13 =
1

8
· (2− 6 + 4− 8− 10 + 18− 8 + 12) = 0.5,

b23 =
1

8
· (2 + 6− 4− 8− 10− 18 + 8 + 12) = −1.5.

Ïîëó÷àåì óðàâíåíèå ðåãðåññèè ñ ó÷åòîì ýôôåêòîâ ïàðíûõ âçàèìîäåé-
ñòâèé

ŷ = 8.5 + 2.5x1 − 0.5x2 + 3.5x3 − 0.5x1x2 + 0.5x1x3 − 1.5x2x3.

3. Ïðîâåðêó çíà÷èìîñòè êîýôôèöèåíòîâ ðåãðåññèè ïðîèçâîäÿò ñ
ïîìîùüþ êðèòåðèÿ Ñòüþäåíòà. Â ñëó÷àå ÏÔÝ äèñïåðñèè êîýôôèöè-
åíòîâ ðåãðåññèè ðàâíû ìåæäó ñîáîé è âû÷èñëÿþòñÿ ïî ôîðìóëå

s2
bj

=
s2{y}
Nm

=
1.4525

8 · 2
= 0.0908, sbj

= 0.3013.

Èìååì:

t1,íàáë =
2.5

0.3013
= 8.30, t12,íàáë =

0.5

0.3013
= 1.66,

t2,íàáë =
0.5

0.3013
= 1.66, t13,íàáë =

0.5

0.3013
= 1.66,

t3,íàáë =
3.5

0.3013
= 11.62, t23,íàáë =

1.5

0.3013
= 4.98,

tòàáë = t0.05;8 = 2.31.

Ïîñêîëüêó t2,íàáë < tòàáë, êîýôôèöèåíò b2 ïðèçíàåòñÿ íåçíà÷èìûì è
åãî ñëåäóåò èñêëþ÷èòü èç óðàâíåíèÿ ðåãðåññèè. Èç ýôôåêòîâ âçàèìî-
äåéñòâèÿ çíà÷èìûì îêàçûâàåòñÿ òîëüêî êîýôôèöèåíò b23. Èñêëþ÷àÿ
íåçíà÷èìûå êîýôôèöèåíòû, ïîëó÷àåì óðàâíåíèå ðåãðåññèè â âèäå

ŷ = 8.5 + 2.5x1 + 3.5x3 − 1.5x2x3. (5)

Èí ò å ð ï ð å ò à ö è ÿ ð å ç ó ë ü ò à ò î â: äëÿ óâåëè÷åíèÿ âûõîäà ïðî-
äóêòà íóæíî óâåëè÷èâàòü ôàêòîðû X1 (òåìïåðàòóðó) è X3 (âðåìÿ),
ïðè ýòîì äàâëåíèå (ôàêòîð X2) ñ óâåëè÷åíèåì âðåìåíè ñëåäóåò óìåíü-
øàòü.

Ïðîâåðèì àäåêâàòíîñòü ïîëó÷åííîãî ýìïèðè÷åñêîãî óðàâíåíèÿ ðå-
ãðåññèè ýêñïåðèìåíòàëüíûì äàííûì.

Ïðåäñêàçûâàåìûå çíà÷åíèÿ

ŷ1 = 8.5 + 2.5 · (−1) + 3.5 · (−1)− 1.5 · (−1) · (−1) = 1,
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ŷ2 = 8.5 + 2.5 · (+1) + 3.5 · (−1)− 1.5 · (−1) · (−1) = 6 è ò. ä.
Äèñïåðñèÿ àäåêâàòíîñòè

s2
àä =

2

8− 4
((1− 2)2 + (6− 6)2 + (4− 4)2 + (9− 8)2 + (11− 10)2+

+(16− 18)2 + (8− 8)2 + (14− 12)2) = 5.5

èìååò ÷èñëî ñòåïåíåé ñâîáîäû fàä = 4.

Ðàñ÷åòíîå çíà÷åíèå êðèòåðèÿ Ôèøåðà Fíàáë =
5.5

1.4525
= 3.79, òàá-

ëè÷íîå çíà÷åíèå Fòàáë = F0.05;4;8 = 3.84. Ïîñêîëüêó Fíàáë < Fòàáë, ïî-
ëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ àäåêâàòíûì è ìîæåò áûòü èñïîëüçîâàíî
äëÿ ïðåäñêàçàíèÿ âûõîäà ïðîäóêòà â çàâèñèìîñòè îò çàäàííûõ çíà÷å-
íèé òåìïåðàòóðû, äàâëåíèÿ, âðåìåíè ïðîâåäåíèÿ ðåàêöèè. Äëÿ ýòîãî
ïåðåéäåì ê íàòóðàëüíûì çíà÷åíèÿì ïåðåìåííûõ.

4. Âåðõíèé óðîâåíü ôàêòîðà X1 ðàâåí Xmax
1 = 200◦C, íèæíèé

Xmin
1 = 100◦C. Ñëåäîâàòåëüíî, îñíîâíîé (áàçîâûé) óðîâåíü

X0
1 =

Xmax
1 + Xmin

1

2
= 150◦C,

èíòåðâàë âàðüèðîâàíèÿ

∆X1 =
Xmax

1 −Xmin
1

2
= 50◦C.

Àíàëîãè÷íî äëÿ ôàêòîðà X2 èìååì

Xmax
2 = 6 · 105 Ïà,Xmin

2 = 2 · 105 Ïà,

X0
2 =

6 · 105 + 2 · 105

2
= 4·105 Ïà, ∆X2 =

6 · 105 − 2 · 105

2
= 2·105 Ïà.

Äëÿ òðåòüåãî ôàêòîðà � âðåìåíè ðåàêöèè � èìååì X0
3 = 15 ìèí,

∆X3 = 5 ìèí. Ñëåäîâàòåëüíî, âåðõíèé è íèæíèé óðîâíè ôàêòîðà

Xmax
3 = X0

3 + ∆X3 = 20 ìèí, Xmin
3 = X0

3 −∆X3 = 10 ìèí.

Ïåðåõîä îò íàòóðàëüíûõ ïåðåìåííûõ X1, X2, X3 ê êîäèðîâàííûì
x1, x2, x3, êîòîðûå ïðèíèìàþò òîëüêî çíà÷åíèÿ +1 è �1, çàäàåòñÿ ôîð-
ìóëîé

xi =
Xi −X0

i

∆Xi
.
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Òàêèì îáðàçîì, ïîäñòàâëÿÿ ôîðìóëû

x1 =
X1 − 150

50
, x2 =

X2 − 4

2
, x3 =

X3 − 15

5

â óðàâíåíèå ðåãðåññèè (5) â êîäèðîâàííûõ ïåðåìåííûõ, ïîñëå ïðåîá-
ðàçîâàíèÿ ïîëó÷èì óðàâíåíèå ðåãðåññèè â íàòóðàëüíûõ ïåðåìåííûõ:

ŷ = 8.5 + 2.5 · X1 − 150

50
+ 3.5 · X3 − 15

5
− 1.5 · X2 − 4

2
· X3 − 15

5
=

= −18.5 + 0.05X1 + 2.25X2 + 1.3X3 − 0.15X2X3.

Ïðè X∗
1 = 120◦C, X∗

2 = 4 · 105 Ïà, X∗
3 = 18 ìèí âûõîä ïðîäóêòà

áóäåò

ŷ = −18.5 + 0.05 · 120 + 2.25 · 4 + 1.3 · 18− 0.15 · 4 · 18 = 9.1 %.

Çàäàíèå 2. Òðåáóåòñÿ ýìïèðè÷åñêèì ïóòåì íàéòè ìèíèìóì ôóíê-
öèè y =

6

X1
+

X1

X2
+X2 ïðè X1, X2 > 0. Çàäàíû êîîðäèíàòû íà÷àëüíîãî

ïðèáëèæåíèÿ X0
1 = 3, X0

2 = 2 è èíòåðâàëû âàðüèðîâàíèÿ ôàêòîðîâ
∆X1 = ∆X2 = 0.1.

I ñ å ð è ÿ î ïûò î â. Ñîãëàñíî ìåòîäó êðóòîãî âîñõîæäåíèÿ (ÌÊÂ),
äëÿ îöåíêè ãðàäèåíòà ôóíêöèè îòêëèêà (ò. å. äëÿ âûáîðà íàïðàâëåíèÿ
èçìåíåíèÿ ôàêòîðîâ íà ïóòè ê ýêñòðåìóìó) íóæíî íàéòè êîýô-
ôèöèåíòû ëèíåéíîãî óðàâíåíèÿ ðåãðåññèè â îêðåñò-
íîñòè íà÷àëüíîé òî÷êè (X0

1 ; X
0
2). Äëÿ ýòîãî èñïîëü-

çóþò ïîëíûé ôàêòîðíûé ýêñïåðèìåíò 22 ñ öåíòðîì
â òî÷êå (X0

1 ; X
0
2).

Çàïèøåì ìàòðèöó ïëàíèðîâàíèÿ ÏÔÝ 22 â êî-

x1 x2

Îïûò 1 � �
Îïûò 2 + �
Îïûò 3 � +
Îïûò 4 + +

äèðîâàííûõ ïåðåìåííûõ (ñì. òàáëèöó), ôîðìóëó ïåðåõîäà îò íàòó-
ðàëüíûõ ïåðåìåííûõ ê êîäèðîâàííûì:

xi =
Xi −X0

i

∆Xi

è îáðàòíî:
Xi = X0

i + xi ·∆Xi.

Òàêèì îáðàçîì, â ïåðâîì îïûòå îáà ôàêòîðà óñòàíàâëèâàþòñÿ íà
íèæíåì óðîâíå: â êîäèðîâàííûõ ïåðåìåííûõ x1 = −1, x2 = −1, â
íàòóðàëüíûõ ïåðåìåííûõ X1 = 2.9, X2 = 1.9. Ïîäñòàâëÿÿ çíà÷åíèÿ
X1 è X2 â ìèíèìèçèðóåìóþ ôóíêöèþ, ïîëó÷àåì y =

6

2.9
+

2.9

1.9
+ 1.9 =
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= 5.4953. Âî âòîðîì îïûòå ïåðâûé ôàêòîð ôèêñèðóåòñÿ íà âåðõíåì
óðîâíå, à âòîðîé îñòàåòñÿ íà íèæíåì: â êîäèðîâàííûõ ïåðåìåííûõ
x1 = +1, x2 = −1, â íàòóðàëüíûõ ïåðåìåííûõ X1 = 3.1, X2 = 1.9,

ñîîòâåòñòâóþùåå çíà÷åíèå ôóíêöèè y =
6

3.1
+

3.1

1.9
+ 1.9 = 5.4671.

Ðåçóëüòàòû ÏÔÝ 22 çàíåñåíû â ñëåäóþùóþ òàáëèöó.

I ñåðèÿ îïûòîâ X1 X2

X0
i 3 2

∆Xi 0.1 0.1
Xmax

i 3.1 2.1
Xmin

i 2.9 1.9
ÏÔÝ x1 X1 x2 X2 y

Îïûò 1 � 2.9 � 1.9 5.4953
Îïûò 2 + 3.1 � 1.9 5.4671
Îïûò 3 � 2.9 + 2.1 5.5500
Îïûò 4 + 3.1 + 2.1 5.5117

bj −1.66 · 10−2 2.48 · 10−2

bj∆Xj 1.66 · 10−3 2.48 · 10−3

δj 0.0669 -0.1
δj,îêðóãë 0.07 -0.1
ÌÊÂ X1 X2

Îïûò 1 (5) 3.07 1.9 5.4702
Îïûò 2 (6) 3.14 1.8 5.4553
Îïûò 3 (7) 3.21 1.7 5.4574
Îïûò 4 3.28 1.6
Îïûò 5 3.35 1.5

Êîýôôèöèåíòû ðåãðåññèè âû÷èñëÿþòñÿ ïî ôîðìóëå

bj =
1

N

N∑
i=1

xjiyi,

â êîòîðûõ èñïîëüçóþòñÿ êîäèðîâàííûå çíà÷åíèÿ ôàêòîðîâ, ò. å.

b1 =
1

4
· (−5.4953 + 5.4671− 5.5500 + 5.5117) = −1.66 · 10−2,

b2 =
1

4
· (−5.4953− 5.4671 + 5.5500 + 5.5117) = 2.48 · 10−2.

Ïîëó÷àåì îöåíêó äëÿ âåêòîðà ãðàäèåíòà
−−−→grady = {b1; b2} =

{
−1.66 · 10−2; 2.48 · 10−2} .

29



Ãðàäèåíò óêàçûâàåò íàïðàâëåíèå íàèñêîðåéøåãî âîçðàñòàíèÿ ôóíê-
öèè. Íàïðàâëåíèå íàèñêîðåéøåãî óáûâàíèÿ ôóíêöèè ñîâïàäàåò ñ âåê-
òîðîì àíòèãðàäèåíòà, ò. å. ñ âåêòîðîì, êîîðäèíàòû êîòîðîãî ðàâíû
êîîðäèíàòàì ãðàäèåíòà, íî ñ ïðîòèâîïîëîæíûìè çíàêàìè.

Èòàê, äëÿ äâèæåíèÿ â ñòîðîíó ìèíèìóìà ôóíêöèè y ôàêòîðû X1

è X2 íóæíî èçìåíÿòü ïî ôîðìóëàì

Xi = X
(0)
i − λbi∆Xi (λ > 0).

Ïðàêòè÷åñêè ïîñòóïàþò ñëåäóþùèì îáðàçîì. Äëÿ êàæäîãî ôàêòî-
ðà âû÷èñëÿþò ïðîèçâåäåíèå bi∆Xi. Çàòåì âûáèðàþò áàçîâûé ôàêòîð
Xl, äëÿ êîòîðîãî ýòî ïðîèçâåäåíèå îêàçàëîñü ìàêñèìàëüíûì ïî àáñî-
ëþòíîé âåëè÷èíå. Â íàøåì ñëó÷àå ýòî ôàêòîð X2. Âûáåðåì äëÿ íåãî
øàã âàðüèðîâàíèÿ δ2 â îïûòàõ êðóòîãî âîñõîæäåíèÿ. Ïîñêîëüêó èùåò-
ñÿ ìèíèìóì ôóíêöèè îòêëèêà, çíàê δ2 âûáèðàåì ïðîòèâîïîëîæíûì
çíàêó b2. Âîçüìåì δ2 = −0.1. Çíà÷åíèå øàãà âàðüèðîâàíèÿ äëÿ ïåðâî-
ãî ôàêòîðà ïîëó÷àåì èç ïðîïîðöèè δ1

b1∆X1
=

δ2

b2∆X2
è äëÿ óäîáñòâà

îêðóãëÿåì:

δ1 = −1.66 · 10−3 · −0.1

2.48 · 10−3 = 0.0669 ≈ 0.07.

Òåïåðü ðàññ÷èòûâàåì óñëîâèÿ íåñêîëüêèõ îïûòîâ êðóòîãî âîñõî-
æäåíèÿ ïî ôîðìóëå

X
(n)
i = X

(0)
i + nδi,îêðóãë.

Â ïåðâîì îïûòå íàäî âû÷èñëèòü çíà÷åíèå ôóíêöèè y ïðè X1 = 3+
+0.07 = 3.07, X2 = 2− 0.1 = 1.9; âî âòîðîì � ïðè X1 = 3 + 2 · 0.07 =
= 3.14, X2 = 2− 2 · 0.1 = 1.8 è ò. ä.

Äâèæåíèå â íàïðàâëåíèè àíòèãðàäèåíòà ïðîäîëæàþò äî äîñòèæå-
íèÿ ÷àñòíîãî ýêñòðåìóìà â äàííîì íàïðàâëåíèè. Ïîñêîëüêó ðåçóëüòàò
òðåòüåãî îïûòà îêàçàëñÿ õóæå ðåçóëüòàòà âòîðîãî îïûòà, äâèæåíèå
â íàïðàâëåíèè àíòèãðàäèåíòà ñëåäóåò ïðåêðàòèòü è ïîñòàâèòü íîâóþ
ñåðèþ îïûòîâ ñ öåíòðîì â íàèëó÷øåé òî÷êå.

II ñ å ð è ÿ î ïûò î â. Öåíòð ýêñïåðèìåíòà � òî÷êà ñ êîîðäèíà-
òàìè X0

1 = 3.14, X0
2 = 1.8 (óñëîâèÿ íàèëó÷øåãî îïûòà ïðåäûäó-

ùåé ñåðèè). Óìåíüøèì èíòåðâàëû âàðüèðîâàíèÿ ôàêòîðîâ, ïîëîæèì
∆X1 = ∆X2 = 0.06. Ïî ðåçóëüòàòàì ÏÔÝ 22 (ñì. òàáëèöó) îïðåäåëÿåì
êîýôôèöèåíòû b1 = −3.175 · 10−3, b2 = 1.775 · 10−3.
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II ñåðèÿ îïûòîâ X1 X2

X0
i 3.14 1.8

∆Xi 0.06 0.06
Xmax

i 3.2 1.86
Xmin

i 3.08 1.74
ÏÔÝ x1 X1 x2 X2 y

Îïûò 1 (8) � 3.08 � 1.74 5.4582
Îïûò 2 (9) + 3.2 � 1.74 5.4541
Îïûò 3 (10) � 3.08 + 1.86 5.4640
Îïûò 4 (11) + 3.2 + 1.86 5.4554

bj −3.175 · 10−3 1.775 · 10−3

bj∆Xj −1.905 · 10−4 1.065 · 10−4

δj 0.06 -0.0335
δj,îêðóãë 0.06 -0.03
ÌÊÂ X1 X2

(14) 3.17 1.785 5.4537
Îïûò 1 (12) 3.2 1.77 5.4529

(15) 3.23 1.755 5.4531
Îïûò 2 (13) 3.26 1.74 5.4541
Îïûò 3 3.32 1.71
Îïûò 4 3.38 1.68
Îïûò 5 3.44 1.65

Ïîñêîëüêó |b1∆X1| = 1.905 · 10−4 > 1.065 · 10−4 = |b2∆X2|, áàçîâûé
ôàêòîð � X1. Ïîëîæèì δ1 = 0.06, òîãäà

δ2 = 1.065 · 10−4 · 0.06

−1.905 · 10−4 = −0.0335, δ2,îêðóãë = −0.03.

Ðàññ÷èòàåì óñëîâèÿ îïûòîâ êðóòîãî âîñõîæäåíèÿ: â ïåðâîì îïûòåX1 =
3.14 + 0.06 = 3.2, X2 = 1.8 − 0.03 = 1.77; âî âòîðîì îïûòå X1 =
3.14 + 2 · 0.06 = 3.26, X2 = 1.8− 2 · 0.03 = 1.74 è ò. ä.

Ïîñêîëüêó íàèëó÷øèì îêàçàëñÿ ïåðâûé îïûò êðóòîãî âîñõîæäåíèÿ
(îïûò 12), ýòî çíà÷èò, ÷òî âûáðàí ñëèøêîì áîëüøîé øàã âàðüèðîâà-
íèÿ. Ïîñòàâèì äîïîëíèòåëüíî îïûò 14 ïðè óñëîâèÿõ X1 = = X0

1 +
0.5δ1 = 3.17, X2 = X0

2 + 0.5δ2 = 1.785 è îïûò 15 ïðè óñëîâèÿõ
X1 = X0

1 + 1.5δ1 = 3.23, X2 = X0
2 + 1.5δ2 = 1.755. Íàèëó÷øèé ðå-

çóëüòàò ïîëó÷åí â 12-ì îïûòå.
III ñ å ð è ÿ î ïûò î â còàâèòñÿ ñ öåíòðîì â òî÷êå X0

1 = 3.2, X0
2 =
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= 1.77. Ïîëîæèì ∆X1 = ∆X2 = 0.02. Ðåçóëüòàòû ýêñïåðèìåíòà ïðè-
âåäåíû â òàáëèöå.

III ñåðèÿ îïûòîâ X1 X2

X0
i 3.2 1.77

∆Xi 0.02 0.02
Xmax

i 3.22 1.79
Xmin

i 3.18 1.75
ÏÔÝ x1 X1 x2 X2 y

Îïûò 1 (16) � 3.18 � 1.75 5.4539
Îïûò 2 (17) + 3.22 � 1.75 5.4534
Îïûò 3 (18) � 3.18 + 1.79 5.4533
Îïûò 4 (19) + 3.22 + 1.79 5.4522

bj −4 · 10−4 −4.5 · 10−4

bj∆Xj −8 · 10−6 −9 · 10−6

δj 0.0177 0.02
δj,îêðóãë 0.018 0.02
ÌÊÂ X1 X2

Îïûò 1 (20) 3.218 1.79 5.4523
Îïûò 2 (21) 3.236 1.81 5.45199

(23) 3.245 1.82 5.45197
Îïûò 3 (22) 3.254 1.83 5.45203

Ïîñêîëüêó ðåçóëüòàòû 21-ãî è 22-ãî îïûòîâ ñîâïàäàþò ïðè îêðóã-
ëåíèè äî ÷åòâåðòîãî äåñÿòè÷íîãî çíàêà, ïîñòàâèì 23-é îïûò ïðè óñëî-
âèÿõ X1 = 3.245, X2 = 1.82.

Ìîæíî ïîïûòàòüñÿ ïðîâåñòè IV ñ å ð èþ îïûò î â ñ öåíòðîì â
òî÷êå X0

1 = 3.245, X0
2 = 1.82 è ìàëûìè èíòåðâàëàìè âàðüèðîâàíèÿ

∆X1 = ∆X2 = 0.005.
Ïîñêîëüêó íàáëþäàåòñÿ óëó÷øåíèå ðåçóëüòàòà â ÷åòâåðòîì äåñÿ-

òè÷íîì çíàêå, ìîæåì ïðîäîëæèòü ýêñïåðèìåíò.
V ñ å ð è ÿ î ïûò î â � ñ öåíòðîì â òî÷êå X0

1 = 3.265, X0
2 = 1.8.

Âîçüìåì ∆X1 = ∆X2 = 0.002.
Ïîñêîëüêó â îïûòàõ êðóòîãî âîñõîæäåíèÿ íå íàáëþäàåòñÿ óëó÷øå-

íèÿ ðåçóëüòàòà â ÷åòâåðòîì äåñÿòè÷íîì çíàêå ïî ñðàâíåíèþ ñ îïûòàìè
ÏÔÝ â V ñåðèè îïûòîâ, ýêñïåðèìåíò ñëåäóåò çàâåðøèòü.

Íàèìåíüøåå çíà÷åíèå ôóíêöèè ymin = 5.45152, ïîëó÷åííîå ýìïè-
ðè÷åñêèì ïóòåì, äîñòèãàåòñÿ ïðè X1 = 3.2678, X2 = 1.804.
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IV ñåðèÿ îïûòîâ X1 X2

X0
i 3.245 1.82

∆Xi 0.005 0.005
Xmax

i 3.25 1.825
Xmin

i 3.24 1.815
ÏÔÝ x1 X1 x2 X2 y

Îïûò 1 (24) � 3.24 � 1.815 5.45198
Îïûò 2 (25) + 3.25 � 1.815 5.45179
Îïûò 3 (26) � 3.24 + 1.825 5.45219
Îïûò 4 (27) + 3.25 + 1.825 5.45198

bj −10−4 10−4

bj∆Xj −5 · 10−7 5 · 10−7

δj 0.005 -0.005
ÌÊÂ X1 X2

Îïûò 1 (25) 3.25 1.815 5.45179
Îïûò 2 (26) 3.255 1.81 5.45166
Îïûò 3 (27) 3.26 1.805 5.45158
Îïûò 4 (28) 3.265 1.8 5.45156
Îïûò 5 (29) 3.27 1.795 5.45159

V ñåðèÿ îïûòîâ X1 X2

X0
i 3.265 1.8

∆Xi 0.002 0.002
Xmax

i 3.267 1.802
Xmin

i 3.263 1.798
ÏÔÝ x1 X1 x2 X2 y

Îïûò 1 (32) � 3.263 � 1.798 5.45159
Îïûò 2 (31) + 3.267 � 1.798 5.45157
Îïûò 3 (29) � 3.263 + 1.802 5.45156
Îïûò 4 (33) + 3.267 + 1.802 5.45153

bj −1.25 · 10−5 −1.75 · 10−5

bj∆Xj −2.5 · 10−8 −3.5 · 10−8

δj 0.0014 0.002
ÌÊÂ X1 X2

Îïûò 1 (34) 3.2664 1.802 5.45154
Îïûò 2 (35) 3.2678 1.804 5.45152
Îïûò 3 (36) 3.2692 1.806 5.45155
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Òåîðåòè÷åñêèé ìèíèìóì çàäàííîé ôóíêöèè ìîæåò áûòü âû÷èñëåí
ïî ôîðìóëå ymin = 3 3

√
abc = 5.45136. (Çàìåòèì, ÷òî íàéäåííûå ýìïè-

ðè÷åñêèì ïóòåì îïòèìàëüíûå óñëîâèÿ ôàêòîðîâ îòëè÷àþòñÿ îò òåîðå-
òè÷åñêèõ X1 = 3.3019, X2 = 1.8171.)

Ïðèëîæåíèå

Òàáëèöà çíà÷åíèé F -êðèòåðèÿ Ôèøåðà Fα;ν1;ν2
â çàâèñèìîñòè îò

÷èñëà ñòåïåíåé ñâîáîäû ν1 è ν2 ïðè óðîâíå çíà÷èìîñòè α = 0.05.

ν1

1 2 3 4 5 6 7 8
ν2

1 161 200 216 225 230 234 237 239
2 18.5 19.0 19.2 19.2 19.3 19.3 19.4 19.4
3 10.1 9.55 9.28 9.12 9.01 8.94 8.89 8.85
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59
24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36

Òàáëèöà çíà÷åíèé êðèòåðèÿ
Êîõðåíà Gα;ν1;ν2

â çàâèñèìîñòè
îò ÷èñëà ñòåïåíåé ñâîáîäû ν1 è ν2

ïðè óðîâíå çíà÷èìîñòè α = 0.05.

ν1

1 2 3
ν2

8 0.6798 0.5157 0.4377

Êâàíòèëè t-ðàñïðåäåëåíèÿ Ñòüþäåíòà
(çíà÷åíèÿ tα;ν â çàâèñèìîñòè îò ÷èñëà ñòåïåíåé ñâîáîäû ν è

âåðîÿòíîñòè α: (|tν| > tα;ν) = α)

ν 1 2 3 4 5 6 7 8 9 10
α = 0, 05 12,71 4,30 3,18 2,78 2,57 2,45 2,37 2,31 2,26 2,23
α = 0, 1 6,31 2,92 2,35 2,13 2,02 1,94 1,90 1,86 1,83 1,81

ν 11 12 16 20 24 30 40 60 120 ∞
α = 0, 05 2,20 2,18 2,12 2,09 2,06 2,04 2,02 2,00 1,98 1,96
α = 0, 1 1,80 1,78 1,75 1,73 1,71 1,70 1,68 1,67 1,66 1,64
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